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PREFACE 


In preparing the following pages on Mensuration, I have 
been guided by the needs of Indian students. As a result, 
the book will be found to differ essentially from most 
existing text-books on the subject. Indian units have 
been introduced, numerous questions derived from previous 
Indian examination papers have been embodied, while the 
arrangement and scope of the subject have been carefully 
adapted to the courses of study prescribed by the various 
Indian examining bodies. I have found it possible to 
simplify the subject by arranging the material of each 
chapter on a uniform plan. 

There is nothing more fatal to a beginner than the 
careless interpretation of a rule. If he is merely told to 
multiply half the height of a triangle by the base in order 
to find its area, he can hardly be expected to fully under¬ 
stand the rationale of the operation, while his difficulties 
are increased if these two measurements are expressed 
in terms of different units. To avoid this risk, I have 
made the statement of each rule so full and explicit as to 
leave no room for doubt, while, for memory purposes, I 
have added an abbreviated version. Only an elementary 
knowledge of Geometry and Algebra has been assumed 
in the proofs of formulae. 

Each chapter contains a series of Illustrative Examples^ 
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Preface 


worked in full, and concludes with two sets of examples 
for solution by the student. In the first set the examples 
are original and graduated ; in the second they are taken 
from previous examination papers. 

The student is advised to omit the examination 
questions at the ends of chapters when reading through 
the book for the first time. 

A. E. PIERPOINT. 
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ELEMENTARY MENSURATION 


Part I. 

CHAPTER I. 

INTRO D UCTOR K— TABLES. 

1 . Mensuration is the science which investigates the lengths of 
lines, the areas of surfaces, and the volumes of solids. 

2 . In order to measure a magnitude of any kind, it must be 
compared with and expressed in terms of some fixed magnitude 
of its own kind, which is chosen arbitrarily, and is called a tmit 
For example, the foot unit may be used in the measurement of 
length, the pound unit in the measurement of weight. 

3 . It is convenient to have a set of units for the measurement 
of each kind of magnitude. For example, if we are measuring an 
area which is very extensive, we shall find the acre unit or the 
square mile unit more suitable than the square inch unit or the 
square foot unit. 

4 . We shall often find it convenient to speak of corresponding 
units of length, area, and volume. If we take any unit of length 
and on it describe a square, then the area of this square will be 
that unit of area that corresponds to the given unit of length. And 
if a cube be constructed on this square as base, then the volume 
of this cube will be that unit of volume that corresponds to the 
given unit of length. 

Thus the cubic foot and the square foot correspond to the 
linear foot. 

6.. The units of length and area most commonly used In 
mensuration are given in the following tables :— 

\>^inear Measure (English). 

12 inches make i foot. 

3 feet make i yard. 

yards make i rod, pole, or perch. 

40 poles make i furlong. 

8 furlongs, or 1760 yards, make i mile. 

3 miles make i league. 

B 
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'Square Measure (English). 

144 square inches make i square foot. 

9 square feet make i square yard. 

3oi square yards make i square rod, pole, or perch. 

40 square poles make i rood. 

4 roods, or 4840 square yards, make i acre. 

640 acres make i square mile. 

In the measurement of land, the unit most frequently used is 
a chain 22 yards long, consisting of 100 links, which is called 
Gimtcr's Chain. 

Thus we have, as an addition to the above tables— 

100 links, or 22 yards, make i chain; 


and 


10,000 square links make i square chain. 
10 square chains make i acre. 

"^•^Linear Measure (British Indian). 


8 girahs make i hath. 

2 haths „ I guz. 

2^ guz „ I latha. 

20 lathas or gathas, or 55 English yards, make i rasi or jarib. 

N^^uare Measure (British Indian). 

20 biswansi make i biswa. 

20 bis was, or i square rasi, make i bigha. 

Hence i bigha = (55 x 55) English square yards 
= 3025 English square yards 
= f of an acre. 

However, the bigha varies considerably in area in differenl 
districts. 

ILIiUSTRATIVE EXAMPLES. 

6. Example i.—How many yards are equivalent to a length of 
3 mi. 6 fur. 20 po. ? 

3 mi. 6 fur. 20 po. 

8 

30 fiir. 

40 

1220 po. 

5 i 


6100 

610 


6710 yds. 
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Exainple 2.—Reduce 325608 in. to miles. 

12 )32560 8 in. 
3)27134 ft. oin. 
9044 yds. 2 ft. 


Hence— 


11 )18088 half-yds. 

40)1644 po. 4 half-yds. 

8)41 fur. 4 po. 

5 mi. I fur. 

325608 in. = 5 mi. i fur. 4 po. 2 yds. 2 ft. 


Example 3.—How many square feet arc there in 3 ac. 2 ro. 14 
sq. po. 10 sq. yds. t 

3 ac. 2 ro. 14 po. 10 yds. 

4 


14 ro. 

40 


574 sq. po. 

3oi 


17230 

i43i 


i 7373 i sq. yds. 
9 


156361J sq. ft, 

Exainple 4.—Reduce 483260 sq. ft. to acres. 
9)48 3260 sq. ft. 

53695 sq. yds. 5 sq. ft. 

_ 4 

111)214780 


( U 


quarter sq. yds. = li sq. yd 

^44 ro. 15 sq. po. 

II ac. 

, 483260 sq. ft. = II ac. 15 sq. po. i^ sq. yd. 5 sq. ft. 


Examples ~I. A, 

1 . Reduce 3 fur. 15 po. 4 yds. to yards. 

2 . Reduce 2 mi. 7 fur. 4I yds. to feet. 

3 . Express 5 mi. 6 fur. 19 po. 3 yds. as feet. 

4 . How many chains are there in 6 mi. ? 

6, Reduce 3 ac, 2 ro. to square poles. 

6. Reduce 4 ac. 3 ro. 14 sq. po. to square yards. 
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7 . Express g ac. as square links. 

8 . How many miles, furlongs, etc,, are there in 98734 ft. ? 

9 . Reduce 738629 sq. Iks. to acres. 

10 . Reduce 894671 sq. ft. to acres, roods, etc. 

11 . What is the measure of 3 fur. 20 po. when a line measuring 5 yds, 
I ft. 6 in. is taken as the unit ? 

12 . What is the measure of 3^ ac. when an area measuring 8 sq. yds. is 
taken as the unit ? 

13 . What is the unit of length when a distance of 2 mi. measures 220? 

14 . What is the unit of area when a field of 5 ac. measures 40 

Examples—I. B. 

15 . Reduce 2 lathas 2 guz to girahs. 

16 . Express 400 girahs as lathas. 

17 . How many baths are there in 17*5 rasis ? 

18 . Reduce 385 English yards to girahs. 

19 . Find the number of biswansi in 17 bighas. 

20 . Reduce 5321 biswansi to bighas, biswas, etc. 

21 . How many biswansi are there in an acre ? 

22 . Reduce 2 ac. 3 rc), 30 sq. po. to biswas. 



CHAPTER II. 


ON /RECTANGLES, 



7 . A rectangle is a four-sided figure 
having all its angles right angles. 

The length and breadth of a 
rectangle are called its dimensiofis. 

Thus AB and BC are the dunensions 
of the rectangle A BCD, 

When the dimensions of a rectangle ^ 
are equal to one another, the figure is called 
a square (see fig.). 

The perimeter (or periphery) of a figure 
is the sum of its boundaries. 

PROPOSITION 1 . 

8 . To find the area of a rectangle^ havin^ 
given its dimensions. 

Let A BCD be the plan of a 
rectangular room, such that AB 
represents a length of 8 yds., and 
BC a length of 5 yds. It is required 
to find the area of the room. 

Divide AB into eight equal parts, 
and BC into five equal parts, so that 
each of these parts will represent 
a yard. 

Through the points of division in 
AB draw straight lines parallel to ^ ° 

BC, and through the points of division in BC draw straight lines 
parallel to AB, The rectangle is now divided into five rowls, 
each row containing eight squares, and each square representing 
a square yard. 

Note that the number of rows is the same as the number of 
yards in BC, and the number of squares in each row is the same 
as the number of yards in AB. 

the rectangle contains 8 x 5 = 40 squares, and each 
square represents a square yard. 

/. the rectangular room measures 40 sq. yds. 




6 Elementary Mensuration. 

From this special case we may arrive at the general con¬ 
clusion— 

If one of the dimensions of a rectangle measure a of any 
unit of length, and if the other dimension measure h of the saint 
tmit of lengthy then the area of the rectangle will measure a h 
of the corixsponding zinit of area. 

Hence rule— 

Tlie mini her of any linear unit in the length of a rectangle mul¬ 
tiplied by the nnniber of the same linear unit in the breadth gives the 
number of the corresponding square unit in the area. 

Or briefly— 

area of rectangle = length x breadth 


A = a X b 

. 

■ (i.) 

length of rectangle = 

A 

a - b • • 

. . 

• (ii.) 

and breadth of rectangle = 



a 


• (iii-) 


PARTICUIiAR CASE. 

I 9. Square. 

I Here the dimensions are equal to one 
I another. That is— 

I length = breadth = side 

^ Now, area of any rectangle = Igth x brdth § 8. 
’ area of square = side X side 

; = (side)'-^ 

I A = 

-T T. 1— ' ^ square = 

«= Va 

Hence rule— 

The square root of the number of any square unit in the area of 
a square gives the number of the correspondinsr linear unit in a side. 
Or briefly— 

side of square = V^a 

a =r 

10 . The student must be careful to always bear in mind the 
correct interpretation of these abbreviated statements. When 
we say that— 

area , . ^ 

breadth = *^"8**^ rectangle 
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On Rectangles, 

we appear to be asserting that an area when divided by a breadth 
gives a length. This, of course, is absurd. What we are really 
asserting is that, by dividing the number of any square unit in the 
area of a rectangle by the number of the corresponding linear unit 
in the breadth, we obtain the number of the corresponding linear 
unit in the length. The same caution must be observed when 
interpreting most of the formulae in mensuration. 

ILLUSTRATIVE EXAMPLES. 

11 . Example i.—Find the area of a rectangle whose length is 
7 ft, 5 in. and breadth 2 ft. 9 in. 


<N 

1 

- -7.3..- 

Area of rect. = x /?) sq. in.§ 8. 

where = (7 x 12 + 5) = S9, 
and b = {2 X 12 + 9) = 33 ; 

area of rect. - 89 x 33 sq. in. 

= 2937 scp in. 

= 2 sq. yds. 2 sq. ft. 57 sq. in. 

Example 2.—Find the area of a square 
field whose side measures 2 fur. 26 po. 

Area of square = a- sq. po. . . § 9. 

where ^ = (2 x 40 4- 26) = 106 ; 

area of field = (106)^ sq. po. 

~ 11236 sq. po. 

= 70 ac. o ro. 36 sq. po. 

Example 3.—Find the rent of a rectangu- .. 

lar field whose length is 10 ch. 25 Iks., and 
whose breadth is 7 ch. 45 Iks., at Rs.30 
per acre. 

Area of field ~ [a x b) sq. ch.. § 8, 
where a = 10*25, 
and b = 7*45 ; 

area of field = (10*25 x 7*45) sq. ch. 

= 76*3625 sq. ch. 

= 7*63625 ac. 

/. rent = Rs.30 x 7*63625 
= Rs. 229*087 5 
= Rs.229 I anna 4*8 pies 




Wchs. ZSlks 
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4^^ a.. 


-12 chs - 


Example 4.—Find the breadth of a rectangle whose area is 4J ac., 
and whose length is 12 ch. 

Breadth of rect. = —ch.. . • § 8. 

a 

where A = 4^ x 10 = 45, 
and = 12 ; 

breadth of rect. = f | ch. 

= 375 ch. 

= 3 ch. 75 Iks. 

Example 5.—Find the perimeter of a square 
whose area measures 53*29 sq. in. 

One side of the square = V A in. . § 9. 

where A = 53*29 ; __ 

/. one side of the square = aJ 5^29 in. 

= 7*3 in. 

and the perimeter = one side x 4 
.*. the perimeter = (7*3 x 4) in. 

= 29’2 in. 

Example 6.—The cost of painting a rectangular wall is Rs.5 
15 annas, at 2 annas 6 pies per square yard. If the wall is 38 ft. 
long, find its height. 

area of wall = (Rs.5 15 ^^nnas -i- 2 annas 6 pies) sq. yds. 

= (95 2^) sq. yds. 

= 38 sq. yds. 

A 

Now, height of wall ft. . . .§8. 



- 3 ^ 


.. where A = 38 x 9, 

and = 38 ; 

height of wall = — ^ 

= 9 ft. 


-ft. 


Example 7.—A room is 21 ft. long, 16 ft. wide, and 11 ft. high. In 
it there is a door 7 ft. by 3 ft., and two windows 8 ft. by 4 ft. Find 
the cost of papering the walls wath paper 2 ft. wide, at 2^ annas a 
yard. 

area of two side walls = 2 x 21 x ii sq. ft.§ 8. 

area of two end walls = 2 x 16 x 11 sq. ft.§ 8. 

area of door = 7 x 3 sq. ft.§ 8. 

area of two windows = 2 x 8 x 4 sq. ft.§ 8. 

and total area to bel „ , . • j 

4 walls — one door — two windows 


covered with paper / 
total area to be 1 
covered with paper / 


= (2X2ixii+2x i6x II ~7 X 3~2 x 8 x 4 )sq.ft. 

= 729 sq. ft. 

Now, Jpaper is sold in rectangular strips ; 

required length of paper = P^Pgl. . .§8. 

Width of paper 
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cost of paper at 2\ annas a 
yard, or | anna a foot 


= W ft. 

= 364I ft. 

I = 364 J X f annas 

= Rs.i8 15 annas 9 pies 


Example 8.—The area of a rectangular courtyard is 2400 sq. 
yds., and its sides are in the ratio of 3 to 2 : find the cost of 
fencing it at the rate of 4 annas a foot. 

Let X yds. = length of courtyard. 


ix 

Then — yds. = breadth 
3 

area of courtyard = sq. yds. . 

= 2400 sq. yds. 
x^ = 3600 
;ir = 60 


Thus length of courtyard = 60 yds. 
and breadth of courtyard = 40 yds. 

Hence— 

perimeter of courtyard = 200 yds. 

.*. cost of fencing = 200 x 12 annas 
= Rs.150 


§ 8 . 


Example 9.—Find the cost of paving a rectangular enclosure, 
840 ft. long and 630 ft. broad, with stones each 4 ft. 8 in. by 4 ft. 
6 in., at Rs.4 a hundred. 



A-- 

o 

Area of enclosure = 840 x 630 sq. ft. . . . 

area of each stone = 4f x 4i sq. ft. 

number of stones required = —^ 

^ 4 S X 4 j 

hence cost at Rs.4 a hundred = Rs.^ 4 ^ - 

4§ X 4| X 100 

= Rs.1008 

B 2 


8 . 

8 . 
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^ Example lo.—There is a garden loo ft. long and 8o ft. broad, and 
^ a gravel walk is to be made of an equal width all round it, so as to 

take up one-fifth of the garden : what 
must be the breadth of the walk ? 

Let X feet ~ breadth of walk. 

Then area of\ _ 

but area of garden - loo x 8osq. ft. § 8. 

/. area of walk = {loo x So- (loo- 
2 :1') X (8o - 2 x )} 
sq. ft. 

= (360:1: - 4^2) sq. ft. 



700 


But area of walk = one-fifth area of garden 

/. 360A' — 4,1'^ = 1600 
f 2 «_ Qor = — 400 
O'* — 90:1' -f (45)2 = 2025 - 400 
= 1625 

:r - 45 ^ ± 40*311 • ' 

X — 4*68 . . . 

hence breadth of walk = 4*68 ft. nearly 


Examples—II. A. 

Find the areas in square feet of rectangles having the following dimensions 

1 . Length 13 ft., breadth ii ft. 

2 . Length 27 ft., breadth 19 ft. 

3 . Length 73 ft., breadth 23 ft. 

Find the areas in square feet and square inches of rectangles having the 
following dimensions:— 

4 . Length 2 ft. 9 in., breadth i ft. 7 in. 

5 . Length 3 ft. 9 in., breadth 2 \ ft. 

6. Length 5 ft. 8 in., breadth 2 ft. 10 in. 

Find the areas in square yards, square feet, and square inches of rectangles 
having the following dimensions:— 

7 . Length 2 yds. 2 ft. 9 in., breadth i yd. 6 in. 

8. Length 4 yds. i ft. 4 in., breadth 2 yds. 2 ft. 3 in. 

9 . Length 5 yds. 10 in., breadth 3 yds. i ft. 7 in. 

Find the areas in acres of rectangles having the following dimensions:— 

10 . Length 26 ch., breadth 18 ch. 

11 . Length 12 ch. 16 Iks., breadth 9 ch. 

12 . Length 13 ch. 43 Iks., breadth 10 ch. 18 Iks. 

Find the areas in acres, roods, poles, of rectangles having the following 
dimensions;— 

18 . Length 7 ch. 15 Iks , breadth 3 ch. 

14 . Length 10 ch. 22 Iks., breadth 6 ch. 14 Iks. 

16. Length 8 ch. 40 Iks., breadth 7 ch. 90 Iks, 
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Find the length in each of the rectangles having the following measure¬ 
ments :— 

16 . Area 3 sq. yds., breadth i yd. 1 ft. 

17 . Area l ro., breadth 10 yds. 

18 . Area i ac., breadth 40 yds. 

19 . Area 7J ac., breadth 5 ch. 

20 . Area 59 sq. yds. i sq. ft. 2 sq. in., breadth 6 yds. I ft. 7 in. 

Find the breadth in each of the rectangles having the following measure¬ 
ments :— 

21 . Area 24 ac., length 16 ch. 

22 . Area 2 ac., length no yds. 

23 . Area 6*35 ac., length 1000 Iks. 

24 . Area 288 ac. 3 ro. 21 po., length 5 fur. 17 po. 

Find the areas in square yards and square feet of squares having the following 
measurements :— 

26 . Side 9 yds. i ft. 

20 . Side 7 yds. 2 ft. 

27 . Side 12 yds. 2 ft. 

28 . Side 16 yds. i ft. 

Find the areas in acres of squares having the following measurements :— 

29 . Side 15 ch. 

30 . Side 13 ch. 29 Iks. 

31 . Side 6 ch. 84 Iks. 

32 . Side 11 ch. 94 Iks. 

Find the side of each of the squares having the following areas :— 

33 . Area 324 sq. ft. (give the result in feet). 

34 . Area 1*225 the result in chains). 

36 , Area 54*756 ac. (give the result in chains). 

36 . Area 4 ac, 2 sq. ch, 5104 sq. Iks. (give the result in chains and 
links). 

37 . Find the cost of paving a rectangular courtyard 36 yds. long and 
28 yds. wide, at the rate of Rs.i 12 annas per square yard. 

38 . Find the cost of carpeting a room 18 ft. long and 14 ft. 9 in. wide at 
the rate of Rs.2 per square yard. 

39 . What is the area in square yards and square feet of the walls of a rect¬ 
angular room 25 ft. long, 17 ft. wide, and li ft. high? 

40 . What length of carpet 18 in. wide is required to cover a floor whose 
area is 42 sq. yds. ? 

41 . The width of a rectangle is one-third its length : find its area if its 
length is 32 ch. 

42 . The perimeter of a square is 5 yds. i ft. 8 in. : find its area in square 
yards, square feet, and square inches. 

43 . The area of a square is i *05625 ac. : find its perimeter in chains. 

44 . Find the cost of putting a fence round a square whose area is 160 sq. 
yds. 4 sq. ft., at the rate of Rs.2 8 annas per foot. 

46 . If the cost of tiling a floor is Rs.246, at the rate of 12 annas per square 
foot, and if the length of the floor is 8 yds., find its breadth. 

46 . The rent of a rectangular piece of ground is Rs.500, at the rate of 
Rs.I2 8 annas per acre : find its dimensions in chains, if its length is four times 
its breadth. 

47 . If the cost of a fence round a square enclosure is Rs.208, at the rate 
of Rs.3 4 annas per yard, find the area in square yards. 
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48 . How many yards of paper 30 in. wide are required for a wall 18 ft. 
9 in. long and 16 ft. 6 in. high ? 

49 . Find the cost of carpeting a room 26 ft. long by 2 I ft. broad with 
carpet l ft. 6 in. wide at Rs.3 8 annas a yard. 

60 . A courtyard is 12 yds. 2 ft. long and 10 yds. i ft. wide : find the cost 
of j)aving it with bricks 9 in. long and 4 in. wide, if the bricks cost 8 annas a 
dozen. 


Examples—II. B. 

Find the areas in bighas of rectangles having the following dimensions 

51 . Length 7 rasi, breadth 3 rasi. 

52 . Length 3*8 rasi, breadth 2*4 rasi. 

53 . Length 121 yds., breadth 50 yds. 

Find the length of each of the rectangles having the following measure¬ 
ments : — 

54 . Area 3 bighas, breadth lo lathas. 

55 . Area 5 bighas 10 biswas, breadth 2 rasi. 

66. Area 4 bighas 4 bLwas 10 biswansi, breadth 80 yds. 

Examination Questions—II. 

A. Allahabad Universitv- Matriculaiion, 

1 . A room, whose length is 30 ft. and breadth twice its height, takes 
144 vd&. of paper 2 ft. wide for its four walls : find the area of the floor. 

A rectangular field of 5 ac., 200 yds. long, is planted with trees in 
row's perpendicular to the length, one yard from row to row, and one yard from 
tree to tree in the same row. If a wddth of a yard all round the field remain 
implanted, find the number of trees. 

3 . Find the cost of lining a rectangular cistern 12 ft. 9 in. long, 8 ft. 3 in. 
broad, and 6 ft. 6 in. deep, with sheet lead weighing 8 lbs, per square foot, 
and which costj^i Ss. per cw't. 

13. Punjab Ufiiversity : Middle School. 

4 . Find how many students can sit in a room measuring 20 yds. by 28 ft., 
supposing each student to require a space of 4 ft. by 30 in. 

C. Calcutta University: Matrietdation, 

5 . A room is 34 ft. long, 18^ ft. wdde, and 12 ft. high; find the expense of 
papering the walls at is. 6 d, per square yard. 

D. Etivopean Schools: Final. United Provinces. 

6. Find in square feet the total area of the walls, floor, and ceiling of a 
room 22J ft. long, 16J ft. wide, and 13^ ft. high. 

7 . A plank is 18 in. wide: find what length must be cut off that the area 
may be a square yard. 

E. Roorkee Engineer: Entrance. 

^8. Find the expense of carpeting a room 26 ft. long and 18 ft. broad, with 
carpet 27 in. wide at 45*. 8^/. per yard. 

9 . A square field contains 31 ac. o ro, 10*25 sq. po. : find the length of a 
side. 

10 . The length and breadth of a rectangular enclosure are 47 yds. 2 ft, 
4 in. and 22 yds. 2 ft. ii in.: what should be the breadth of another rect¬ 
angular enclosure if its length is 63 yds. i ft. 5 in., and its area j of the 
former ? 



On Rectangles. 13 

11 . A rectangular grass-plot, the sides of which are as 2 ; 3, cost /'14 Ss. 
for turfing, at the rate of 4^. per square yard : find the lengths of its sides. 

12 . The area of the two side walls of a rectangular room is 806 sq. ft., the 
area of the two end walls 546 sq. ft. : find the dimensions of the room. 

13 . Find the cost of lining a rectangular cistern with lead at Rs. i 2 annas for 
each square foot of surface, the inside dimensions of the cistern being as follows, 
the length 3 ft. 2 in., the breadth 2 ft. 10 in., and the depth 2 ft, 6 in. 

14 . Two square fields jointly contain 6 ac., and the side of one is three- 
fourths as long as that of the other : how many acres in each ? 

16 . There is a garden 140 ft. long and 120 ft. broad, and a gravel walk is 
to be made of an equal width all round it, so as to take up just one-fourth of 
the garden : what must be the breadth of the walk ? 

F. Roorkee Uj>per Subordinate : Rnirance. 

16 . A country in the form of a rectangle, 600 miles long by 200 miles 
broad, supports a population of 20,000,000 : find the average number of acres 
required to support one person. 

17 . The breadth of a rectangular room is two-thirds its length, and it costs 
/‘39 8.5*. 8^/. to cover the floor with carpet 27 in. wide at 5^. 3^/, a yard. To 
paper the walls costs3.r. ^d. with paper 21 in. wide, at 2^. 4^/. per piece of 
12 yds. : find the height of the room. 

18 . In the centre of a room, which is 19 ft. I5 in. square, a square carpet 
is placed, the rest of the floor being covered by a parquet border of uniform 
width, which is charged for at the rate of 7|./. per square foot. If the carpet is 
charged for at loj^. per square foot, and the whole cost of carpet and parquet is 
;^I4 13^. 35^/., find the width of the parquet border. 

19 . There are two rectangular rooms of the same height, one is 19 ft. by 

14 ft., the other 17 ft. by 15 ft. To cover the walls with paper 27 ins. wide 
at 3r. 9^/. per piece of 12 yds. costs ^’3 12s. 2\d, : find the height of the rooms. 

20 . Two square rooms, one 2 ft. longer each way than the other, are of 
equal height, and cost respectively 145*. 9^/. and ^3 Ss. ^d. to paper the 
walls at S^d. per square yard : find the height. 

21 . How many planks of in. in thickness can be cut out of a piece of 
timber 21 in. thick, allowing | in. for each saw-cut? 

22 . The area of a square is 22'2 : find the side of a square of half the size. 

23 . How many planks, 10 ft. long and 8 in. broad, will be required for 
the floor of a room whose length is 30 yds. and breadth 12 yds, ? 

24 . How long will it take to walk round a square field containing 13 ac. 
1089 yds., at the rate of 2| miles an hour ? 

26 . The cost of a square field, at £2 14J. 6 d. per acre, amounts to £2^ y. : 
find the cost of putting a paling round the field at gd. per yard. 

26 . What is the difference between the superficial contents of a floor, 28 ft. 
long and 20 broad, and that of two others only half its dimensions ? 

G. Roorkee Engineer : Final. 

27 . The perimeter of one square is 748 in., and that of another is 336 in. : 
find the perimeter of a square which is equal in area to the other two. 

28 . The length of a room is double the breadth ; the cost of colouring the 
ceiling, at 4j</, per square yard, is £2 12s. id., and the cost of painting the four 
walls, at 2s. 4^4 per square yard, is/’35 : find the height of the room. 

29 . What length of matting, | of a yard wide, will be required for a room 

15 ft. 8 in. long by ii ft. 3 in. wide ; and what will be the cost at 6 annas 
per yard ? 

^ 30 . The area of a rectangular courtyard is 2000 sq. yds., and its sides are in 

the ratio of l’25 to i. A pavement of uniform width runs along the four sides 
of the courtyard, and occupies half its area ; find the width of the pavement. 
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81 . Find how many yards of paper will be required for the walls of a room 
which is 24 ft. long, 19 ft. 6 in. broad, and 14 ft. high, the paper being j yd. 
wide. 

32 . A box, without a lid, and made of wood I in. thick, requires paint¬ 
ing inside and out; its exterior length, breadth, and depth are 3, 2, and ft. 
respectively : how many superficial feet of paint will be required for each 
coat ? 

IT. Roorkce Upper Subordinate : Monthly, 

33 . Find how many trees there are in a wood, i mi. long and a quarter 
of a mile wide, supposing, on an average, four trees grow on each square chain. 

34 . In a rectangular garden, 120 ft. long and 90 ft. broad, a walk passing 
round it, with its outer edge 10 ft. from the wall, occupies a fourth part of the 
garden : what is the width of the walk ? 

36 . How much paper, of a yard broad, will be required to paper a room 
which is 22 ft. by 20 ft., and 13 ft. high? 

36 . A square fickl of grain, containing 10 ac., is to be cut by a reaper 
working round and round. The cut of the reaper is 5 ft. : how many rounds 
must the reaper take to cut threeTourths of the field ? 

37 . The length of a railway is 47^ mi., and the average breadth of land 
required for its formation 57 yds.: what will be the amount of purchase of the 
land at per acre ? 

38 . A rectangular enclosure is 120 ft. long and 70 broad ; a walk of uniform 
width is made round the outside of it equal in aiea to the enclosure : find the 
w idth of the walk. 

I. Roorkec Upper Subordinate: Final, 

39 . A room measures 28 ft. by 16 ft. In the centre is a Turkey carpet 
24 ft. by 12 ft.; how much oil cloth would be required to cover the remainder 
of the floor, supposing the oil cloth to be 20 in. wide ? 

40 . Find what length of wall paper, 27 in. wide, will be required for a 
room 20 ft. long, 16 ft. broad, and loj ft. high. In it are two window^s 6 ft. 
by 4 ft., a door 7 ft. by 4 ft., and a fireplace 4 ft. by 3 ft. 6 in. 

41 . Find how many planks, 12 ft. 6 in. long by 9J in. wide, will be 
required to floor a room 40 ft. by 20 ft. 

J. Additional Examination Questions.~IL (For Answers, see p. 107.) 

42 . If 11,000 copies of the Times be issued daily, each copy consisting of 
two sheets, and each sheet being 4 ft. by 3 ft., how many acres will one 
edition cover? (Punjab University ; First Examination in Civil Engineering.) 

46 . A garden is 160 ft. long and 120 ft. broad ; there is a tank in the 
garden, leaving a space of equal width round it, and occupying half the area of 
the garden : find the length and breadth of the lank. (Roorkee Upper Sub¬ 
ordinate : Monthly.) 

Jr 44 . The area of a rectangular field is 15 acres, and its length is half as 
niuch again as its breadth. How long will it take a man to walk four times 
.1 round it at the rate of 3 miles an hour ? (European Schools ; Final. U.P.) 

45 . A room 18 ft. long, 15 ft. wide, and 12 ft. high, contains two doors 
7 ft. by 4 ft., and (4 ft. from the ground) two windows 4 ft. by 3 ft. ; a dado 
2} ft. high runs round the room ; find the cost of papering the walls at i anna 
per square foot. (European Schools : Final. U.P.) 

46 . A building has 63 window's; 40 of them contain 12 panes each 
20" X I6'^ the others contain 9 panes each i6 in. square : find the cost of 
glazing the whole at Rs. 2 per square foot. (Roorkee Engineer : Final.) 



CHAPTER III. 


ON DUODECIMALS. 


12 . When the dimensions of a rectangle are given as compound 
quantities (that is, expressed in terms of two or more units), Me 
have found it necessary to express them both as simple quantities 
in terms of the same unit, in order to find the area of the 
rectangle. 

This reduction may ])e avoided by the use of duodecimals. 

13 . Consider the rectangle p. 

A BCD. 

Let its length AB he taken 
to represent 3 ft. 7 in., and its 
breadth BC 2 ft. 3 in. 

On the same scale, from A 
along AB., divide off three 
lengths each corresj.x)nding to 
one foot, and seven lengths each 
corresponding to one inch; and 
from C along CB divide off tM^o 


B 


lengths each corresponding to one foot, and three lengths each 
corresponding to one inch. 

Through the points of division draw straight lines parallel to 
BC and AB respectively. We now see tliat the area of the 
rectangle is made up of several pieces of three different sizes. 

The largest pieces represent squares measuring one foot each 
way {i.e. square feet), and of these there are 3X2. 

The smallest pieces represent squares measuring one inch 
each way {i.e. square inches), and of these there are 7x3. 

The remaining pieces represent rectangles measuring one foot 
by one inch, which we shall call superficial primes, and of these 
there are (7 x 2 + 3 x 3). 

Thus the rectangle CO represents an area equal to the 
sum of— 

(1) 3X2 square feet = 6 square feet 

(2) (7 X 2 + 3 X 3) superficial primes = 23 superficial primes 

(3) 7x3 square inches = 21 square inches 
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and because a superficial prime is a rectangle measuring one foot 
by one inch, it is evident that 

12 square inches = i superficial prime; 

12 superficial primes = i square foot. 

It will be found that the above result may be obtained by the 
following scheme of work, in which we multiply each term in one 
dimension of the rectangle by each term in the other dimension. 

3 ft. 7 in. 

2 ft. 3 in. 

3 X 2 sq. ft. 7 X 2 superficial primes 

3X3 „ „ 7 X 3 sq. in. 

6 sq. ft. 23 superficial primes 21 sq. in. 
and because 12 sq. in. = i superficial prime 
and 12 superficial primes = i sq. ft. 
this result may be written— 

8 sq. ft. o superficial primes 9 sq. in. 

In this scheme of work it is seen that 7 inches, when multiplied 
by 2 feet, are assumed to give 7X2 superficial primes; and that 
3 feet, when multiplied by 3 inches, are assumed to give 3X3 
superficial primes. 

We are really assuming the law that, by multiplying the 
number of feet in one of the dimensions of a rectangle by the 
number of inches in the other dimension, we obtain the number of 
superficial primes in the area. 

This we will proceed to prove. 

Consider the rect- 

0 ___ angle AECE. 

^ represent a 

____1 ....- length of 3 ft., and let 

^ ^ EC represent a length 

of 4 in. 

Divide JE into three equal parts, so that each part will 
represent a foot. 

Divide EC into four equal parts, so that each part will 
represent an inch. 

Through the points of division draw straight lines parallel to 
EC and JE respectively. 

We have thus divided the rectangle into several equal parts, 
each part representing a superficial prime. 

And their number is 3 X 4; that is, (number of feet in JE) 
X (number of inches in EC). 

Hence we arrive at the general result— 
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Linear feet x linear inches = superficial primes. 

The scheme of work in the above example may be shortened 
thus : 


t. in. 

3 7 

2 3 


Workwg, —7 in, X 2 ft. give 14 primes : put down 

2 primes and carry i sq. ft. 3 ft. x 2 ft. give 6 sq. ft. 
and I to carry : put down 7 sq. ft. 7 in. X 3 in. give 
21 sq. in. : put down 9 sq. in. and carry i prime. 

3 ft. X 3 in. give 9 primes and i to carry : put down 
-10 primes. Add : 9 sq. in. 10 and 2 make 12 primes : 

o 9 put down o primes and carry i sq. ft. i and 7 make 
8 sq. ft. 

The plan of work here depends upon that property of a 


7 2 
10 


rectangle whose length mea¬ 
sures {a -f b) units, and whose 
breadth measures {c + d) units, 
viz. that its area is the sum 
of four rectangles measuring 
a X d, a X c, b X d, b X c 
square units respectively. 

We have found that, when ^ ^ 

dealing with a rectangle— 

feet in length X feet in breadth = square feet in area 
feet „ X inches „ = superficial primes in area 

inches „ X inches „ = square inches in area 


CLX cL 

b X d 

CLX C 

b X c 


or— 

a X b ft. = (^7^) sq. ft. 

ah. X b in. = (ab) superficial primes 

^ in. X ^ in. = (ab) sq. in. 


where a and b are the numbers w^hich tell the measures of the 
dimensions of the rectangle. 

Let us now introduce the twelfth part of an inch as an 
additional unit of length. 

Then a rectangle measuring ^ in. by ^ in. will measure 

sq. in. in area.§ 8. 

and a rectangle measuring i in. by in. will measure 

^ sq. in. in area.§ 8. 

and a rectangle measuring i ft. by in. will measure 

I sq. in. in area. § 8. 


And we can prove as above that— 
a in.) X in.) 


sq. in.) 
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where a and b are the numbers which tell the measures of the 
dimensions of the rectangle. 

We have hitherto spoken of a plane rectangle measuring i ft. 
by I in. as a superficial prime. We shall now extend the applica¬ 
tion of the term prime to the twelfth part of any standard unit. 
And so we shall speak of the twelfth part of a linear foot (that is, 
an inch) as a linear prime, and of the twelfth part of a cubic foot 
as a cubic or solid prime. 

Furthermore, the twelfth part of a prime, whether it be linear, 
superficial, or solid, we shall call a seamd. 

And this duodecimal subdivision may be carried on to any 
extent. 

Thus we have— 

I standard unit =12 primes (written 12'), 

. T prime =12 seconds (written 12"). 

I second =12 thirds (written 12'''), 

I third =12 fourths (written 12''), 
and so on. 

We may now express the above results as follows :— 

When dealinf!; with a rectangle — 

a y?. X b ft, = ah sq,ft, 

a ft, X b linear primes = ab superficial primes 

a /4 X b „ seconds = ab „ seconds 

a linear primes x b ,, primes = ab „ „ 

a „ ,, X b ,, seconds = ab „ thirds 

a „ seconds X b „ seconds = ab ,, fourths 

or— 

a ft. X b ft. = ab sq. ft. 
a ft. X b' = (ab)' 
a ft. X b" = (ab)" 
a' X b' = (ab)" 
a' X b" = (ab)"' 
a" X b" = (ab)"' 

where the index shows the order of the unit. 

We may here notice a relation which exists between the 
orders of the factors and the order of their product, and from the 
above results we may deduce the following rule :— 

The order of the product is the sum of the orders of its factors, 

IlitiXJSTKATIVB EXAMPIiBS. 

\ 4 u Example i.—Express 15 ft. 8|in. in duodecimals. 

15 ft. 8| in. = ^ 15 + ~ ^ ft. 
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= (*5 + = 1 % + A) ft. 
= 15 ft. 8' 6" 


Example 2.—Express 29 sq. ft. 76 sq, 
29 sq. ft. 76 sq. in. = 29 -Jl 


.iy ovj. tt. /vj aq. in. in duodecimals. 
29 sq. ft. 76 sq. in. = 29 sq. ft. 

= (29 4 - + Tsq. ft. 

= (29 + + fl-i) sq. ft. 


Example 3.—Express 105 cub. ft. 837J cub. in. in duodecimals. 

cub. ft. 


105 cub. ft. 837J cub. in. = 




cub. ft. 


- (105 + + iWk + 1 72 l? + ft* 

= (105 4 4 ifx 4 - jVif A- + ^itrrs^r) ^tib. ft. 
= 10; cub. ft. 5^9^' 9"' 4'^' 


105 cub. ft. 5 9" 9 " 4" 

Exarnplc 4.—Find by duodecimals the area of a rectangle which 
measures 7 ft. 9 in. by 5 ft. 10 in. 

Area of rectangle = 7 ft. 9 in. x 5 ft. 10 in. . . . § 8. 

ft. in. 

7 9 

5 10 


38 9 

6 5 6 

45 2 6 

/. the area of rectangle = 45 sq. ft. 2 superficial primes 6 sq. in. 


Example 5.—Find by duodecimals the area of a rectangle which 
measures 6 ft. 7 in. 4 twelfths of an inch by 3 ft. 8 in. 7 twelfths of an 
inch. 

Area of rectangle == 6 ft. 7 in, 4 twelfths x 3 ft. 8 in. 7 twelfths . . § 8. 

= 6 ft, 7 primes 4 seconds x 3 ft. 8 primes 7 seconds 

. = 6 ft. 7' 4" X 3 ft. 8 ' 7" 

6 ft. i 4" 

3 ft- 8- r 

19 10' o" 

4 4' 10" 8 '" 

3' 10" 3'" 4'" 


24 6' 8" u"' 4'^ 

area of rectangle = 24 sq, ft. 6 superf. primes 8 sq. in (or supert. 

seconds) ii superf. thirds 4 superf. fourths 
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Examples—III. 

Express the following lengths, areas, and volumes in duodecimals;--* 

1 . 3 ft. 7 in. 

2. 13 ft. 8} in. 

3 . 9 ft. 6| in. 

4 . lo ft. in. 

6. 8 ft. 9^ in. 

6. 6 sq. ft. 24 sq. in. 

7 . 10 sq. ft. 52 sq. in. 

8. 8 sq. ft. 103 sq. in. 

9 . 13 cub. ft. 326 cub. in. 

10. 12 cub. ft. 731 cub. in. 

11 . 16 cub. ft. 963 ciib. in. 

12. 18 cub. ft. 1362.] cub. in. 

rectangles having the following 

13 . 3 ft. 7 in. ; 2 ft. 

14 . 4 ft.; 3 ft. 6 in. 

16 . 7 ft. 9 in. ; 5 ft. 4 in 

16 . 8 ft. 2 in. ; 3 ft. 10 in. 

17 . 6 ft. 8 in. ; 7 ft. 4 in. 

18 . 7 in. 9 twelfths; 6 in. 

19 . 8 in. 8 twelfths; 7 in. 5 twelfths. 

20. 6 ft. 7 in. 10 twelfths ; 5 ft. 8 in. 

21. 10 ft. 6 in. 8 twelfths; 7 ft. 5 in. 4 twelfths, 

22. 9 ft. 10 in. 7 twelfths; 4 ft. 6 in. 8 twelfths. 



CHAPTER IV. 

ON RlGHT-^ANGLED TRIANGLES. 


15 . A ri^ht-an^^led triangle is a three-sided rectilineal figure which 
has a right angle. The side of a right-angled triangle which is 
opposite to the right angle is called the hypotenuse. 

The sides of a right-angled 
triangle which contain the right angle 
are called the base and perpendicular 
respectively. 

Thus, in the right-angled PsABC, 

AC is the hypotenuse, AB is the 
base, and BC is the perpendicular. 

The base and perpendicular of a 
right-angled triangle are often spoken 
of as the sides which contain the 
right angle.” 



PROPOSITION II. 

16 . To find the hypotenuse of a 
right-afigled triangle., having given its 
base and perpendicular. 

Let ABC he 3 . right-angled triangle. 

Let its base AB and its perpendicular 
BC measure b and p of the same linear 
unit respectively. It is required to 
find the hypotenuse in terms of b 
and p. 

Now, since— 

square on AC = square on AB + square on BC , Euc. 1 . 47. 

and square on AB measures b^ sq. units . . § 9. 
also square on measures p’^ sq. units . . § 9, 
square on AC = {b‘^ + sq. units 

,\ AC = aJ+ p'^ linear units . § 9. 

Hence rule— r 

Add the square of the nnmb^ f any linear unit in the base of a 
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right-angled triangle to the square of the Jiutnher of flu same linear 
unit in the perpendicular; then the square root of the sum will give 
the immber of the same h 7 iear unit m the hypotenuse. 

Or briefly— ___ 

hypot. of right-angled triangle = ^(base)^ 4- (perpen.)'^ 

h=Vb‘^ + P‘" • • (i-) 

Again, because— 

(hypot.)2 = (base)2 + (perpen.)^ 

J (baseX'^ = (hypot.)2 - (perpen.)^ 

“ * [(perpen.)'-^ = (hypot.)'^ — (base)'^ 

j base = >v/(hypot.)‘^ - (perpen.)^ 

‘ * \perpen. = V Wpot.)‘^ — (base)- 

. jb= Vh‘" - P".(ii-) 

“ Ip = Vh" - .(iii*) 

Note. —It will often be found convenient to use the expression 
V(T -/) {h 4 - p) i nstead of aJ the expression j^(h — b) Qi + b) 
instead of especially when large numbers are iin olved. 


PAKTICUIiAR CASES. 



17. I. Isosceles right-angled 
triangle. 

Here base = perpendicular 
Now, hypotenuse of any right-angled triangle 

= ^ (base)'*^ + (perpen.)“ . . . § 16. 
hypotenuse of isosceles right-angled triangle 
=r V 2 X (basep or V 2 x (perpen.}'^ 
h ~ ^ 2ir or \l 2pr 

^bAj 2 0 Xp ^2 .(i.) 


Therefore, by reversion— 
base or perpendicular of isos- 1 _ 
celes right-angled triangle j \/ 2 



(ii.) 



(iii.) 


Note .—The diagonal of a square is the hypotenuse of an isosceles 
right-angled triangle. 


2 . Equilateral triangle. 
Here the three sides are equal. 
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Let each side measure a of any linear unit. That is, AB 
= BC = CA = a linear units. 

Then, if CD be perpendicular to r 

AB--^ 

AD = - linear units 

2 

Now, ciy = Aa- Aiy ^. § 16. 


CD- 


(--j) 


square units 




4 
2 


square units 
linear units 



This important result may be stated thus : 

The height of an equilateral triangle = side x 

- V 

lUiiUSTRATIVE EXAMPLES. 

18 . Example i.—The base and perpendicular of a right-angled 
triangle measure 3 ft. and 2 ft. 3 in. 
respectively : find the hypotenuse. 

Hypotenuse = aJE' 4- in. § 16. 

where ^ = 3 x 12 = 36, 
and / = (2 X 12 -f 3) = 27 ; 

/, hypotenuse = *f {21 f in. 

= V2025 in. 

= 45 in. 

= 3 ft. 9 in. 



Example 2 .—A plot of ground in the shape of a right-angled 
triangle measures 15 ch. 70 Iks. along its hypotenuse, and I2ch. 56 Iks. 
along one of its other boundaries : find the length of its remaining 
boundary. 

■SSiSn?} - 

where h = 1570, 
and b = 1256 ; 

Rem aining boundary 
= 4 /(1570)^--(1256)^ Iks. 

= V (i57Q- 1256)(1570-f 1256) Iks, 

= V887364 Iks. 

= 942 Iks. 

= 9 ch. 42 Iks. 
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Example 3.—The side of a square measures 2 ft. 9 in. : find the 
length of its diagonal. 

The diagonal of a square is the hypo¬ 
tenuse of an isosceles right-angled triangle, 
whose base and perpendicular are sides of 

the square.§ I7» 

diagonal of square — bsj 2 m. § 17, 
\i b — the number of inches in the side of 
the square = (2 x 12 -1- 9) = 33. 

diagonal of square = 33 x v^2 in. 

= 33 X 1*41421... in. 
= 46*66 . . . in. 



Example 4.—The diagonal of a square measures 5 ch. 20 Iks. : 
find the length of a side. 

Side of square = ch. . § 17. 

V2 

where /z = 5*2 ; 

.*. side of square = ch. 

V2 

5*2 X V 2 , 

2 

= 2*6 X ^/2 ch, 

- 3*6769 . . . ch. 

= 3 ch. 67*69 . . . Iks. 



Example 5.—The base of a right-angled triangle is 48 in., and 
the difference between the hypotenuse and the perpendicular is 36 in.: 
find the hypotenuse and perpendicular. 

Let X in. = the hypotenuse. 

Then {x — 36) in. = the perpe ndicular 

But perpendicular = in.§ 16. 

where h — x^ 

j b = 48J_ 

perpendicular = ^ in. 

7 ^ - 36 = 

H X^ ^ T2X -f (36)2 = X^ ~ (48)*^ 

I J2X = 2304 + 1296 

' = 3600 

jr = 50 

.*. hypotenuse = 50 in., and perpendicular = 14 in. 

Example 6.—A ladder is placed so as to reach a window 63 ft 
high. The ladder is then turned over to the opposite side of the 
street, and is found to reach a point 56 ft. high. If the ladder is 65 ft. 
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long, find the width of the street. c 

Let the line AB denote the width of /j, 

the street, and let the point C indicate D ,y | 

the foot of the ladder. Then we shall J // J 

have the following measurements:— 1 il ] 

CE^CD = 65 ft. i \x 7 1 

BE = 63 ft. I 7 ; 

_ ; V, C^7 \ 

hcncc AC = a/16. 2 

= 33 ft. __ ^ \s ;/ ; 

and C/> = v^( 65)^ —(63)2ft. § 16. ' \, if ; 

16 ft. ; V 7 I 

But width of street = AC + CB \ 

width of street = (33 + 16) ft. 1 _ V ! 

= 49 ft- A C B 

Example 7.—The cost of fencing an enclosure, in the form of an 
equilateral triangle, at 3 annas a foot, amounts to Rs.56 4 annas : 
lind the distance from an angular point to the middle point of the 
opposite side. ^ 

Perimeter of triangle = — ft. /V 

° 3 annas / \ 

= ft- / \ 

= 300 ft. / \ 

.’. each side of triangle = 100 ft. / \ 

But if A By a. side of the equilateral A / \ 

ABCy measure 100 ft,, then AD, the perpen- / \ 

dicular from A on BCy that is, the distance / \ 

from any angular point to the middle point A..„.— 1.. „■ ■> 

of the opposite side, will measure— B D C 

—^ft. = 5 <^ X 1732 ... ft. . . . § 17. 

= 86-6 ... ft. 

^ Exa7}tple 8.—The perimeter of a right-angled triangle measures 
234 in., and the hypotenuse measures 97 in. : find the other two sides. 

Let ABC be the right-angled triangle. 

Then A C will measure 97 in. A 

Let AB and BC measure x in. and y in. 
respectively. /Y 

Now, (x -h yf 4 - (a- ~ = 2(ar2 // 

= 2 X ( 97)2 ^ .y 
But x+y = 234 - 97 = ^37 /y 

/. x-y = ^2 xj97)2 - (137)2 y 

= V# 18'-18769 y 

~ V49 y 

Butx+y= 137 -- 

a* = 72 ^ ® 

and y = 6s 
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Thus the other two sides of the triangle measure 72 in. and 65 in. 
respectively. 

Example 9.—Two roads diverge from a point at an angle of 150° 
to each other. Two persons, one on each road, start from the point 
at the rate of 3 and 3J mi. an hour respectively, and travel for 4 
hours along their respective roads. What will be the direct distance 
between them at the end of the fourth hour? 



If AB and AC denote the distances traversed by the two persons 
respectively, then CB will denote the direct distance between them at 
the end of the fourth hour. 

Since Z CAB = 150^^ 

/. Z DAB = 30^=^ 
and Z DBA = (yo^ 

= .§17. 


But A B measures 3x4 mi. = 12 mi. 

AD measures 6^3 mi. 

CD ^ CA + AD = (14 + 6V3) mi. 


Again— 


BD = i , AB .§ 17. 

= S mi. 

and, CB = ^C&~TT>B^ . . . . § i 6 . 

CB V (i4 4 - 6v^3)^ 4 - (6)^ mi. 

= V340 + 168 ^^3 mi. 

= 630-9845 . . . mi. 

= 25-11 . . . mi. 


Example 10 .—In a right-angled triangle the perpendicular is 6 in. 
shorter than of the base, and the hypotenuse is 3 in. shorter than 
I of the base: "find the base. 

Let the base measure x in. 

Then the perpendicular will measure {^^Ix — 6) in., and the hypote¬ 
nuse will measure (^x — 3) in. 

But (hypotenuse)^ = (base)^ 4- (perpendicular)®. . . § 16. 

Solving this equation, we find— 

jr = 36 


Hence the base measures 36 in. 
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^Examples—IV. A. 

Find the hypotenuse of each of the following right-angled triangles, whose 
sides containing the right angle are respectively— 

1 . 30 in. ; 72 in. 

2. 75 yds. ; 100 yds, 

8. 176 yds. ; 15 yds. I ft. 

4 . 9 yds. 2 ft. 2 in. ; 3 yds. i ft. (give the result in yards, feet, and 
inches). 

6. I mi. 5 fur. 12 po. ; 4 fur. 5 po. (give the result in miles, furlongs, and 
poles). 

6. 7 ch. 14 Iks. ; 9 ch. 52 Iks. (give the result in chains and links). 

7 . 16 ch. 50 Iks. ; 22 ch. (give the result in chains and links). 

8. 2740 Iks., 2877 Iks. (give the result in chains). 

Find the remaining side of each of the following right-angled triangles, ot 
which the hypotenuse and one side are respectively— 

9 . 162 Iks. ; 136 Iks. 

10 . 6'5 in, ; 5*6 in. 

11 . 2 ft. I in. ; 2 ft. 

12. 9 mi, 2 fur. ; 8 mi. 6 fur. 

13 . 7 ch. 80 Iks. ; 3 ch. 96 Iks. 

14 . 8 mi. 6 fur, 36 po. ; 3 mi. i fur. 36 po. 

16 . One side of a right-angled triangle is 126 yds. ; the difference between 
the hypotenuse and the other .side is 42 yds. : find the hypotenuse and the 
other side. 

16 . The side of a square is i ft. 6 in. : find the distance of the central 
point of the square from each corner. 

17 . A ladder, 15 ft. long, is standing upright against a wall: how far must 
tlie lower end of the ladder be drawn away from the wall so that the upper end 
may be lowered 3 ft. ? 

18 . The sum of the hypotenuse and one side of a right-angled triangle is 
153 in., and the other side is 51 in. : find the hypotenu.se. 

19 . The dimensions of a rectangle are 2 ft. and 3 ft. 9 in. respectively : find 
the diagonal, 

20. Find the diagonal of a square whose side measures 13 in. 

21 . Each of the sides of an isosceles triangle measures 4 ft. 2 in., and the 
base inea.surcs 6 ft. 8 in. : find the perpendicular from the vertex upon the base. 

22 . Find the height of a window above the ground if it is just reached bv 
a ladder 9 ft. 2 in. long, the foot of the ladder being 5 ft. 6 in. from the side of 
the house. 

23 . The hypotenuse of a right-angled triangle is 5 ch., and its perpendicu¬ 
lar is twice its base ; find its perpendicular correct to two places of decimals. 

24 . Find the cost, to the nearest anna, of putting a fence round an en¬ 
closure in the shape of a right-angled isosceles triangle, whose hypotenuse 
measures 100 yds., at Rs.3 a yard. 

26 . If a man can traverse a square from corner to corner in 4 min., walking 
3 mi. an hour, find to the nearest foot the perimeter of the square. 

26 . A ladder is placed so as to reach a window 36 ft. high. The ladder is 
then turned over to the opposite side of the street, and is found to reach a point 
24 ft, high. If the ladder is 40 ft. long, find the width of the street. 

27 . A town, A, is 132 mi. due north of another town, and 204 mi. 
due west of a third town, C ; how far is B from C ? 

28 . A piece of rope, 46 ft. 5 in. long, reaches from the top of a flagstaff to 
a point on the ground 13 ft. 9 in. from the foot of the flagstaff; find the height 
of the flagstaff. 
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29. A moat lies in front of a tower loo ft. high : find the width of the moat 
if a line, ii8 ft. long, will reach from the top of the tower to the opposite 
bank. 

30 . The hypotenuse of a right-angled triangle is i8 ch. : find the lengths 
of the two sides, one of which is three-fourths the other. 


Examples—IV. B. 

Find the hypotenuse of each of the following right-angled triangles, whose 
sides containing the right angle are respectively— 

31 . 24 rasi; 7 rasi. 

32 . 13 lathas ; 84 lathas. 

33 . 85 girahs ; 132 girahs. 

34 . 60 haths ; 221 haths. 

35 . 76 guz ; 357 guz. 

36 . 145 rasi; 408 rasi. 

Find the remaining side of each of the following right-angled triangles, of 
which the hypotenuse and one side arc respectively— 

37 . 41 lathas ; 40 lathas. 

38 . 53 rasi; 45 rasi. 

39 . 109 girahs; 91 girahs. 

40 . 137 haths ; 88 haths. 

41 . 205 guz ; 187 guz. 

42 . 409 rasi ; 391 rasi. 

Examination Questions—IV. 

A. AUakdbad University : Matriadaiion. 

1 . In a right-angled triangle the difference of the sides is 21 ft., and the 
hypotenuse is 39 ft. : find both the sides. 

2 . A ladder, 24 ft, long, stands upright against a wall : how far must the 
bottom of the ladder be pulled out so as to lower the top 3 ft. ? 

3 . A tower, which stands in a horizontal plane, subtends a certain angle at 
a point i6o ft. from the foot of the lower. On advancing 100 ft. towards it, 
the lower is found to subtend an angle twice as great as before. What is the 
height of the tower ? 

B. Punjab University : Matriculation. 

4 . Two roads diverge from a point at an angle of 120° to each other. Two 
persons, one on each road, start from the point at the rate of 4 and 5 miles per 
hour respectively. What will be the direct distance between the persons after 
they shall have travelled for 6 hours on their respective roads ? 

6. Given the perimeter of a right-angled isosceles triangle = + i, find 

the hypotenuse. 

6 . Given the sum or difierence of the hypotenuse and one side, and also 
the remaining side, find the hypotenuse. 

7 * ABC is a right-angled triangle, right angled at i? : Z) is a point in AB\ 
BD = BC = 33 ft. = \{AD + : find AB. 

C. Punjab Unive>'sityi Middle School 

8 . Find to five decimal places the diagonal of a square of which the side is 
one mile. Find in acres the area of the square. 

9. The hypotenuse of a right-angled triangle is 123 ft., and one side is 
9 yds. ; find the other side. 
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10 . The side of a square is 6 yds. : find the radius of the circle described 
round the square. 


D. Calcutta University: Matriculation. 

11 . A man on one side of a brook finds that he can just rest a ladder 20 ft. 
Jong against the branch of a tree vertically over the other bank ; the branch is 
12 ft. above the ground : how wide is the brook ? 

E. European Schools: FhiaL Uiiited Provinces, 

12 . Prove that any triangle that has sides in the ratio 3:4:5 must be 
rigid-angled. 

13 . 'Phe breadth of the bottom of a ditch is to be i6 ft., and the depth 9 ft., 
and the inclinations of the sides to the top 30° and 45°: what must be the 
breadth (d the excavation at the top ? 

F. Madras V'cchnical: Elementaiy. 

14 . The span of a roof is 21 ft., and the rise 7 ft. : find the slope length of 
each side. 


G. Madras Technical: Intermediate, 

16 . The radius of a circle is i ft. : find the area of a square inscribed in 
the circle. 


ri. Roorkce Engineer: Ent/'ance. 

16 . A square field contains 31 ac. o ro. io’25 sq. po. : find the length of its 
diagonal. 

17 . From a point within a rectangle, lines measuring 16 and 20 in. are 
drawn to opposite angles ; a third line measuring 12 in. is also drawn to one of 
the other angles: find the length of the line drawn from the point to the 
remaining angle. 

I. Roorkee Upper Subordinate: Entrance. 

18 . One side of a right-angled triangle is 588 ft. ; the sum of the hypote¬ 
nuse and other side is 882 ft. : find the hypotenuse and other side. 

10 . In the middle of a pond 10 ft. by lo ft. grew a reed which raised its 
head i ft. above the surface of the water. A person standing on the brink, at 
a middle point of one of the sides, could just draw the lop of the reed to the 
edge of the bank. How deep was the water ? 

20 . One side of a right-angled triangle is 3925 ft. ; the difference between 
the hypotenuse and the other side is 625 ft. : find the hypotenuse and the 
other side. 


J. Roorkce Upper Subordinate: Monthly. 

21 . A ladder, 25 ft. long, is placed against a wall with its fool 7 ft. from the 
wall : how far should the foot be drawn out so that the top of the ladder may 
come down by half the distance that the foot is drawn out ? 

22 . The diagonal of a square court is 300 ft. : find its area in square yards. 

23 . Find the area of a square whose perimeter is 30CO ft. 

24 . What is the length of the diagonal of the greatest square that can be 
cut out of a right-angled triangle, each of whose legs is 40 ft. ? 

25 . What would be the cost of thatching a hipped roof of the following 

dimensions at Rs.io per 100 superficial feet, length and breadth of eaves 
108 ft. and 36 ft respectively, and slope of roof 45^? 1*41421. 



CHAPTER V. 


ON ANY TRIANGLES. 


A 



19 . A triangle is a figure bounded 
by three straight lines. 

The side of a triangle on which 
it may be supposed to stand is 
called its base. The height of a 
triangle is the perpendicular drawn 
to the base from the opposite 
angular point. 

Thus, in the tlSABCf BC may 
be regarded as the base, and AD 
as the height. 


PROPOSITION III. 


20. To find the area of a triangle, having given its base a7id 



on the same base BC, and of the 
Now, since— 


height. 

Let ABC he a triangle. 

Let its base BC and its 
height AD measure b and h 
of the same linear unit respec¬ 
tively. It is required to find 
the area of the triangle in terms 
of b and h. 

Construct a rectangle EC 
same height AD. 


area of ABC = ^ area of rectangle EC . Euc. I. 41. 

/. area of AABC = | X BC x CE .§ 8. 

= ^ X BC X AD 
^ ^ X b X h square units 

Hence rule— 


Multiply the number of any linear unit in the base of a triangle 





31 


On any Triangles, 

by the number of the same linear unit in the height^ then half the 
product will give the number of the corresponding square unit in the 
area. 


Or briefly— 


The area of a triangle = 

i base X height 


A = 

i bh . . . . 

• (i.) 

the height of a triangle = 

2 X area 
base 


h = 

2A 

b 

• (ii.) 

and the base of a triangle = 

2 X area 
height 


b = 

2A 

h 

■ (»>•) 


PARTICTJIiAIl CASES. 


21. I. Right-angled triangle. 
Let ABC be a right-angled triangle 
having a right angle at C, 

Then, ii AC be regarded as the 
base of the triangle, BC will evidently 
be its height. 


Now, area of 
any triangle 


= ^ base X height. § 20. 


area of triangle ABC = ^ X AC x BC 



area of any right-angled triangle = ^ X (product of sides con¬ 
taining the right angle) 


= \ab square units 


2. Isosceles right-angled triangle. 

Here the sides containing the right 
angle are equal to one another. 

That is, ^ 

Hence— 

Area of any isosceles right-angled triangle 
= ^ X (square of one of the sides con¬ 
taining the right angle) 

= square units 



3 . Equilateral triangle. 

Let ABC be an equilateral triangle. 

Let each side of the triangle measure a of any unit of length. 
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Then we know by § 17 that the 
height of the triangle will measure 

^ of the same unit of length. 

area of equilateral triangle ABC 
^ aJ 3 

= J X ^ X square units 
/ -2 

== square units 


ILIiUSTRATIVE EXAMPLES. 

22 . Example i.—The base of a triangle is 4 yds. 2 ft., and its 
height is 5 ft. 9 in. : find its area in 
square yards, etc. 

Area of triangle = \bh sq. ft. § 20. 
where = (4 x 3 + 2) = 14, 
and h-\\\ 

A area of triangle = J x 14 x 5| sq. ft. 

= 40J sq. ft. 

= 4sq.yds.4sq.ft.36sq.in 
Example 2.—The area of a triangle is 3 ac., and its height is 3 ch. 
75 Iks. : find its base. 

n x. A 

Base of triangle = —^— ch.§ 20. 



4 Yds 2ft 


where ^ = 3 x 10 = 30, 
and h - yjs ; 



h 


base of triangle 


X 30 


ch. 


375 
60 

=-ch. 

375 
= 16 ch. 

Example 3.—In a right-angled triangle the area is i ro. 20 sq. po., 

and one of the sides containing the 
right-angle is 66 yds. : find the 
other side. 

where ^ = 66 ; 

2 X area 'lA 
a ~ ~ - ^ 

where ^ = (i x 40 + 20) x 30J 
= 60 x 3 ojt 

the other side = yds, 

= 55 yda* 
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Example 4.—Find the side of an equilateral triangle whose area 
measures 3 ac. 

Area of equilateral) V3 , r. 

triangle } =sq. ch. . §2, 

. 4 X area _ 4A 

"73" “73 

where A = ^ x 10; 

/. the side of the ) ^ /74^3“x io\' 

equilateral triangle/ y 7^3 J ch. 

=r 8*32 . . . ch. 

Example 5.— From a point within 
an equilateral triangle perpendiculars 
are drawn to the three sides, and are 
6 , 7, and 8 ft. respectively : find the 
area of the triangle. 

Let each side of the triangle mea¬ 
sure a feet. 

Then— 

-f ^^ . 8) sq. ft. §20. 

'll a 

= - sq. ft. 

But area of equilateral triangle of side a ft. = ^ sq. ft. . 

. _ 2 ia 

4 ~~T 

= ■:73 = ‘ 4^3 

(hV 3 )^ ^3 



§ 21 . 


Hence area of triangle = 


sq. ft. 


^ Example 6.—Find the side of the greatest 
sc^uate that can be cut out of a right-angled 
triangle whose sides measure 28, 45, 53 ft. 
respectively, in such a way that an angular 
point of the square lies on the hypotenuse 
of the triangle. 

Let each side of the square measure x ft. ^ 

Now, if ABC be the triangle, and DFCE § 
the square, 

AE will measure (45 — x) ft. 

BE „ „ (28 - x) ft. 

Hence A ^ED „ „ i. (45 “ 

sq. ft. § 20. 

and A BEE „ „ i. (28 - x)x 

sq. ft. § 20. 


= 254*6 . . . sq. ft. 
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Thus we have— 

i • (45 ■“ + ^. (28 


x)x + f. 28.45 
', ^ ^ 12>x -- 28 X 45 

Hence side of square measures i7|?j ft. 



PROPOSITION IV. 

23. To find the area of a triangle^ having given its three sides. 

Let ABC be a triangle. 

From A draw AD perpendicular 
to BC\ 

Let BC, CA, AB, AD, BD 
measure a, b, c, h, p of the same 
linear unit respectively. It is re¬ 
quired to find the area of the 
triangle in terms of a, h, c. 

Now, since— 

area of any triangle = J X base X height . . § 20. 

area ot A ABC = | x BC X AD 

= J X ^ X // sq. units 

It is now necessary to express h in terms of a, b, and c. 

To do this we shall find it convenient first to determine p. 

Now, AD'^ = AB'^ - BD’^ .§ 16. 

that is, 

Also AU^ = A C^ - CD^ .§ 16. 

that is, Ji^ ^b^ --{a (•/ CD ^ BC BD) 

(P" — — p)^ 

= IP — + 2 < 7 / — 

2ap = P + eP b'^ 

P 4- ^2 _ ^2 

.\p 


Again, *.* 

IP 


2a 

P - ^2 


/ 

.‘2 „ f 

\ 2 a 
p 4- ^2 


by 


c + 


^2 4. ^2 _ 


2a 


^ ^2 _ ^^2 4 ^2 
2a 

2a 2a 

— d){b — ^ + d)(c -f ^ — b){e + u p- b) 


- 2 ca) {P 4- + 2r^) — b’^ 

— X ' ■” ' ‘ 

2 a 

(c + af ~ ^2 


4 ^^ 







Now put s = 
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^ a b c 

so that s — a ^ - — a 

2 


S --‘b 


{i-\-bAre 


- b 


(I b c _ 

2 


^ — rt! 
2 

^ 4. ^ 

2 

^ -f- ^ ^ 

2 


and •.• == -• - • —^ --- - x 

2 2 2 2 

.-. /^'-i z= (i* — — ^)(j- — b)s X 




aJ s(s ~ C7)(^ — bj(s — 4 


.*. area of 


triangle f a/ s{s-a)(s-b)(s-c) sq. units 

Hence rule— 

Subtract each side of a triangle separately from the semi-perimeter; 
multiply together the numbers of the same linear unit in each of the 
three remainders thus obtained and m the semi-perimeter ; then the 
square root of this continued product will give the number of 
the corresponding square unit in the area. 

Or briefly— 

Area of triangle _ 

sum of sides 




sum of sides 
2 


first side 


ide^ 


sum of sides 


sum of sides 


— second side 


— third side 




A = Vs(s — a)(s — b)(s — c) 

Note .—When the expression s{s — a){s — d){s — c) is a perfect 
square, it is possible to write down its square root from inspection, 
by resolving it into factors. 

Thus— 


V' 54(54 - 27X54 - 36 ),54 - 45) = j< 9_ 

= V9 X3X2X9X3X9X2X9 
=9X9X3X3 

= 486 
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PABTICUIiAR CASES. 

24. I. Equilateral triangle. 

Here the three sides are equal. 

That is, a = == c 

//\ . .^ 3 ^ 


Hence area of equilateral triangle 

sq. units 

f xa a a a 

= x ~ - sq. units 

A/ 2 2 2 2 ^ 

/ ■? 

— sq, units 

4 


Oy- - 


This result has been previously obtained in § 21. 

2 . Isosceles triangle. 

^ Here two sides are equal. 

/A\ That is, a ^ h 

// \\ . ^ + 2^ 


Hence area of isosceles triangle 


= 


sq. units 

V -f- 2rt' C C 2(1 — c 


sq. units 


= - < 1 ^ sq. units 


3 . Right-angled triangle. 

Here ^ iP-, if c is the measure of the hypote¬ 
nuse.§ 16. 

, a b -V ij + b'^ 



and j* — rt! = 


s b = 


^ d^ ^ IP b --- a 

2 

aJ d^ -P ^ ^ 


a + b -- aJ + b^ 


2 
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area of right-angled triangle 




\(<i + l>)+ ^ (<r+^ - 

^ 2 2 

^^2 _|_ p + (^~ 4 - - (I - (i)i 


sq. units 


_ /(2^^ 2al j 

“VIT* Tj 

^ 7 /; 

— sq. units 


sq. units 


This result has been previously obtained in § 21. 


TLIiUSTRATIVE EXAMPLES. 

26 . Example i.—Find the area of a triangle whose sides are 51, 37, 
and 20 yds. respectively. 


Area of triangle 


= Js{s — a){s - b){s — c) sq. yds. . § 23. 


where a — 51, = 37, = 20 ; 

, = 5 L ±_37 

and • 5 '-^ = 54 - 51 = 3 

^ ~ ^ = 54 37 = 17 . -51 .-.- 

.y - r = 54 - 20 = 34 __ 

.*. area of triangle = V5 4.3 . 17 . 34 sq . yds. 

= X 3-^ X 3=^ X 17’“^ sq. yds. 

= 2 X 3 X 3 X 17 sq. yds. 

= 306 sq. yds. 

Example 2. —Find each side of an isosceles triangle whose area 
measures 0’03 sq. ch., and whose base measures 40 Iks. 

Area of isosceles triangle = sq. Iks. . § 24. 

But area of triangle = 0*03 sq. ch. = 300 sq. Iks., and = 40 ; 

^ V 4 £^£U^=^ 300 

/s/Ad^ ~ 1600=30 N. 

.'.4^2-^0041600 yy X. 

.-.^ = 50°° OJSjchs. 

Hence each side measures ... 40 Unks . .. 

25 Iks. 

Example 3.—A lawn is in the form of an isosceles triangle. The 
cost of turfing it came to Rs.6oo at 6 annas per square foot. If the 
base be 72 ft. long, find the length of each of the sides. 

Area of isosceles triangle = 4^2 - sq. ft. . . . § 24. 
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where a = the number of feet in each side, 
and c — 72 ; 


area of isosceles triangle = ““ (7^)^ sq. ft. 

total cost of turfing \ 

^ J sq.ft. 


Now area of lawn 


=(, 





cost of turfing a square foot 
600 X 16 ^ 

= _.6—sq.ft. 

= 1600 sq. ft. 

•** ~J72? = 1600 

5184 = 

~ 5184 = ^goiijz 
\d^ = +5184 

in&mo-iL 

2 a = 

- lQ.2ih.L\+ 

a = 57*19 + 

Hence each side of the lawn 
measures 57* 19+ ft. 

Example 4.—The sides of a triangle are 13-6, I2’5, 9*9 in. respec¬ 
tively : find the distance of the longest side from the opposite vertex. 

Area of triangle = fj — Ti)\s ~ c) sq. in. . § 23. 

where a - 13*6, 
b ~ 12-5, 

^ = 9’9 ; 

- 13‘6 4 - 12-5 + 9'9 
2 

= 18 

and s — a — 18 — I3’6 = 4*4 
.y ~ = 18 — 12*5 = 5-5 

_ s -- c — 18 — 9‘9 = 8*1 

/. area of triangle V1 8 x 4*4 x 5*5 x 8*i sq. in. 

= ^^528-36 sq. in. 

= 59*4 sq. in. 

Now, I X required dis- | ^ of triangle 
area of triangle 



tance X longest side / 
/. ^ X required distance 

*'. J X » 


§ 20. 


longest side 

= 591in. 

13*6 

59 * 4 ; 

” 6-8 
= 8M in. 


in. 


Example 5.—The three sides of a triangle are 4J, 4J, and 4 i in* 
respectively. If the first side is given as 3J in. instead of 4^ in. by 
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mistake, what will be the extent of the error in computing the area of 

the triangle ? _ 

True area = s{s —a){s — b){s — <:) sq. in. . . § 23. 
where a — 4*25, 



^ = 675 - 4 75 = 2 _ 

true area = ^ ^'5 ^ -*25 x 2 sq. in. 


= ^75*9375 sq. in. 

=: 8714 + sq. in. 

Computed area = aJs(s — a){s — d){s — c) sq. in. 
where a = 3*25, 

i > = 4-5, 

c = 475 ; 

• J - 3'2 5 + 4 ' 5 + 4 75 



and s -- a ~ 6 25 — 3*25 = 3 
s ^ b = 6*25 — 4'5 = 175 

^ ~ ^ 6-2 5 - 4 75 = 115 _ 

/. computed area = ^ ^75 ^'5 sq. in. 

= ^49*21875 sq. in. 

= 7-015+ sq. in. 

.’. error = true area — computed area 

= {(8714+) - (7-015+)} sq. in. 

, = r69+ sq. in. 

Example 6.—The sides of a triangle are in the proportion of the 
numbers 9, 10, ii ; and the perimeter is 300 ch.: find its area correct 
to the nearest square chain. 

Area of triangle = — b){s — c) sq. ch. . § 23. 
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area of triangle = -/150 x_6o x 50 x 4 0 sq. ch. 

= lod^ X 5^ X 3*-^ X 2*^ X 2 sq. ch. 
= 100 X 5 X 3 X 2^2 sq. ch. 

= 3000 2 sq. ch. 

3000 X 1*414 sq. ch. nearly 
— 4242 sq. ch. nearly 


Example 7.—What is the side of that equilateral triangle whose 
area costs as much to pave at 10 annas a square foot as it would cost 
to fence the three sides at Rs.12 a yard ? 

Let each side measure x ft. 


r2 Et, 

Then the area of the triangle will measure' —^sq. ft. . . § 21. 

r . r 10 X 

cost of paving at 10 annas a sq. ft. =- - — annas 

Again, perimeter of triangle — 3.1' ft. 

cost of fencing at 



Hence side measures 44'34+ ft. 


Rs.I 2 a yard or[ = 4 x 3a'Rs. 

Rs.4 a foot 

= 16 X 4 X 3a-annas 
But cost of paving = cost of fencing 
10 X 3 ^ 

4 , ^ 

128 V3 

or X - 

_ 128 X 173205-f 
44'34 + 



Example 8.—The sides of a 
triangle are 21 ft., 20 ft., and 
13 ft. respectively : find the areas 
of the triangles into which it 
is divided by the perpendicular 
upon the longest side from the 
opposite angular point. 

Let^A'Cbe a triangle having 
AB —21 ft., AC — 20 ft., and 
BC= 13 ft. 

Then— 


Area of triangle = \/27 x 6 x 7 x 14 sq. ft. . . § 23. 

= 126 sq. ft. 

Again, if p ft, denote the measure of CD — 

area of triangle = J x / x 21 sq. ft. . . . § 20. 

J X / X 21 = 126 

A p ~ \2 

Again, let AD measure a ft. 
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Then a = ^(20)^ - (12/ , . . § 16. 

= 16 

Hence area of A ACD = J x 16 x 12 sq. ft . . § 20. 

= 96 sq. ft. 

and area of A I^CD = A ABC - A ACD 
— (126 — 96) sq. ft. 

= 30 sq. ft. 

Examples—V. A. 

Find the areas of the following triangles, having— 

1 . Base 23 ft., height 16 ft. (give the result in square feet). 

2 . Base 3 yds. 2 ft., height 4 yds. i ft. (give the result in square yards and 
square feet). 

3 . Base 4 yds. i ft. 9 in., height 3 yds. 2 ft. 7 in. (give the result in square 
yards, square feet, and square inches). 

4 . Base 13 ch. 75 Iks., height 9 ch. 30 Iks. (give the result in acres). 

P^ind the heights of the following triangles, having— 

6. Area 72 sq. ft., base 16 ft. (give the result in feet). 

6. Area 52 sq. yds. 18 sq. in., base 8 yds. 2 ft. 3 in. (give the result in 
yards, feet, and inches). 

7 . Aiea 34 ac., base 8 ch. 30 Iks. (give the result in chains and links). 

8. Area 22*8 ac., base 936 Iks. (give the result in chains). 

Find the areas of the following right-angled triangles, having— 

9 . Hypotenuse 85 in., side 68 in. (give the result in square feet and square 
inches). 

10 . Hypotenuse 4 yds. i ft. 6 in., side 2 yds. i ft. 4 in. (give the result in 
square yards). 

11 . Hypotenuse 7 ch. 25 Iks., side 6 ch. 44 Iks. (give the result in acres). 

12 . Hypotenuse 4 yds. i ft. i in., side 2 yds. i ft, i in. (give the result in 
square yards, square feet, and square inches). 

Find the areas of the following equilateral triangles, having— 

13 . Side 17 ft. (give the result in square feet). 

14 . Side 3 yds. 2 ft. 9 in. (give the result in square yards, square feet, and 
square inches). 

15 . Side 6 ch, 40 Iks. (give the result in square chains). 

F'ind the areas of the following triangles, whose sides are— 

16 . 25, 17, 12 ft- 

17 . 132, 125, 37 Iks. 

18 . 195, 364, 533 in. 

19 . 425, 667, 1258 ft. 

20 . 1001, 1540, 1617 Iks. 

21. 4, 7*4, 10*2 ch. 

22 . Find the equal sides of an isosceles triangle whose base measures 28 in., 
and whose area measures 672 sq. in. 

23 . If the sides of a triangle are 35, 44, and 75 ch., find the perpendicular 
distance of its longest side from the opposite corner. 

24 . The perimeter of an equilateral triangle is 159 Iks. : find its area. 

25 . Find the rent per acre of a triangular field, which is let for Rs.40 a 
month, if its sides measure 9*5, 22*8, 247 ch. respectively. 

26 . The area of an equilateral triangle is 24 sq. ft. : find the length of a 
side correct to the nearest inch. 
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27 . The sides of a triangular piece of ground measure 455, 455, 784 yds. 
respectively : find the number of trees which can be planted in it, if each tree 
occupies 4 sq. yds. 

28 . The sides of a triangle are in the proportion of the numbers 4, 5 > 
and the perimeter is 195 ft. ; find its area correct to the hundredth part of 
a square foot. 

29 . The perimeter of an equilateral triangle measures as many yards as the 
area of the equilateral triangle measures square yards : find the length of a side. 

30 . A plot of ground is in the form of an isosceles triangle. If it cost 
Ks.iocx) at the rate of Rs.2 8 annas per square yard, and if each of the equal 
sides measure 40 yds., find the length of the base. 

31 . The diagonal of a square is three times the side of an equilateral 
triangle : find the ratio of the area of the square to the area of the triangle. 

Examples—V. B. 

Find the areas of the following triangles, having— 

32 . Base 15 rasi, height 13 rasi (give the result in bighas). 

33 . Base 5 rasi 8 lathas, height 4 rasi 14 lathas (give the result in bighas 
and biswas). 

34 . Base 4 rasi 12 lathas, height 5 rasi 16 lathas (give the result in bighas, 
biswas, and biswansi). 

36 . Find the base of a right-angled triangle whose area measures 2 bighas, 
and whose perpendicular measures 25 lathas. 

36 . Find the height of a triangle whose area measures i biswa, and whose 
base measures 5 lathas. 

37 . Find the base of a triangle whose height measures 2 rasi 4 lathas, and 
whose area measures 5 bighas 8 biswas (give the result in lathas). 

38 . Find the area in bighas of an equilateral triangle whose side measures 
3 rasi, 

39 . Find the area in biswas and biswansi of a triangle whose sides measure 
14, 48, and 50 lathas respectively. 

Examination Questions—V. 

A. Allahabad University i Matriculation, 

1 . The sides of a triangle are 25, 39, 56 ft. respectively : find the perpen¬ 
dicular from the opposite angle on the side of 56 ft. 

2 . {a) What is meant by “area ” ? 

{b) The area of an acute-angled triangle is 336 sq. ft., and the sides are 
26 ft. and 30 ft. : find the base. 

3 . The three sides AB^ AC, BC of tho triangle ABC are 68, 75, and 77 ft. 
respectively : find the length of the perpendicular from A on BC. 

4 . The area of an equilateral triangle is 25 sq. in. : find its perimeter. 

6, Find the least possible length of fencing that can include a triangular 
area of ro sq. ft. 

6 . A man observes the elevation of the top of a tower to be 60®. He then 
walks a distance of 300 ft., takes a turn of a right angle, and, after walking 
400 ft. more, finds he is on the other side of the tower, opposite to hiS original 
position. The elevation of the tower is now found to be 30° : find the height 
of the tower. 

B. Punjab University: Matriculation• 

7 . The sides of a triangle are 13, 14, and 15 ft. : find the perpendicular 
from the opposite angle on the side of 14 ft. 
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8. The sides of a triangle are 7, 24, and 25 ft. respectively : find the area. 
0 . Give the rule for finding the area of a triangle in terms of ils sides. The 
sides of a triangle are 2i, 3, 3 j ft.: find in inches the area of the triangle. 

C. Punjab University : Middle School 

10 . Two sides of a triangle are 85 and 154 ft. respectively, and the peri¬ 
meter is 324 ft. : find the area of the triangle. 

11 . The side of an equilateral triangle is 7 ft. : find the area. 


D. Calcutta University: Matriculation. 

12 . The sides of a triangle are 18, 20, and 22 respectively : calculate its 
area to three places of decimals. 

13 . The sides BC^ CAy AB of the triangle ABC are 13, 12, and 5 re¬ 
spectively, and Z> is the middle point of BC : find the area of the triangle ABC, 
and the length of the line AU. 

14 . The area of a triangular field is 2 ac. 3 ch. ; the line drawn from the 
vertex of the same perpendicular to the base measures 13 po. or per. : what is 
the length of the base line in chains and links ? 


E. Puropeafi Schools: Final. United Provinces. 

15 . A house 42 ft. wide has a roof with unequal slopes, the lengths of 
which are 26 and 40 ft. : find the height of the ridge above the eaves. 

16 . The sides of a triangle are 143, 407, and 440 yds. respectively : find the 
rent of the field at/‘2 3^. per acre. 

17 . Find the area of a triangle the sides of which arc 20, 493, and 507 yds. 
respectively. 

F. Madras Technical: Elementary. 

18 . The side of an equilateral triangle is 10 ft. : find the area in square feet. 
10 . An equilateral triangle measures 362 sq. ft. ; find the length of one 

side. 


G, Madras Technical: Intermediate. 

20 . Determine the area of a triangular plot of ground whose sides are 
S ft., lo ft., 12 ft. 

21 . An equilateral triangle measures i ac. : find the length of a side in 
feel. 


H. Roorkee Engineer: Efitranee, 

22 . Find the area of a triangular field whose sides are 1200, 1800, and 
2400 Iks. (answer to be given in acres, roods, and perches). 

23 . An acre and a half of land, in the form of a right-angled triangle, is 
divided into two parts by a line which bisects the right angle, and which 
measures 82J yds. : find the two areas. 

24 . Find the area in acres, roods, and perches of a field whose sides are 
848, OCX), and 988 Iks. 

26 . What is the side of that equilateral triangle whose area cost as much 
paving at Sd. a ft. as railing the three sides did at a guinea a yard ? 

26 . Given two sides of an obtuse-angled triangle which are 20 and 40 po., 
find the third side, that the triangle may contain just one acre of land. 

27 . The sides of a triangle are 51, 52, 53 ft, : find the perpendicular from 
the opposite angle on the side of 52 ft., and find the areas of the two triangles 
into which the original triangle is divided. 

28 . A rectangular field is 1200 yds. long and 115 yds. broad : find the 
/length of a fence running from one corner to the opposite side that will cut 

off 3 ac. of ground. 
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29 . The sides of a triangle are in the ratio of 13, 14, 15, and the perimeter 
is 84 yds. : find the perpendiculars from the angular points upon the sides. 

30 . The sides of a triangular field are 191, 245, and 310 ft. : find the area 
in acres. 


I. Roorkee Upper Sttbordiiiate : Ent 7 -a 7 tce, 

31 . The three sides of a triangle are 800, 500, and 1237 Iks. By some 
mistake the third side was also put down as 500 instead of 1237 : what error 
would that mistake occasion in the computed area ? 

32 . Find the area in acres, roods, and perches of a triangle whose sides 
measure 405, 378, and 351 ft. 

33 . What is the side of an equilateral triangle which has as many square 
yards in its area as lineal yards in its periphery? 

34 . The sides of a triangle are 4789, 3742, and 2987 ft. : find the area in 
yards. 

36 . From a point within an equilateral triangle perpendiculars are drawn to 
the three sides, and are 8, 10, and 12 ft. respectively : find the side and the 
area of the triangle. 

36 . A garden containing i ac. is in the form of a right-angled isosceles 
triangle. A walk passing round it at 6 ft. from the boundary wall occupies 
one-fourth of the whole garden : find the width of the walk. 

37 . The base of a triangular field is i2lo yds., and the height is 496 yds. ; 
the field is let for ^^’248 a year : find at what price per acre the field is let. 

38 . The sides of a triangle are in the proportion of the numbers 13, 14, 25, 
and the perimeter is 50 yds. ; find the area. 

39 . The side of a square is too ft. ; a point is taken inside the square 
which is distant 60 ft. and 80 ft. respectively I’rom the two ends of a side : find 
the areas of the four triangles formed by joining the point to the four corners of 
the souare. 

46. The sides of a triangle are 1137, 1259, and 1344 ft. : find the area in 
acres, roods, and perches. 

41 . What is the area of a triangle whose sides are 165, 220, and 275 ft. ? 
Find the answer in acres, roods, and perches. 

J. Roorkee Engineer: P'inal, 

42 . Find the side of an equilateral triangle whose area is 5 ac. (give the 
answer in feet). 

43 . The perimeter of an isosceles triangle is 306 ft., and each of the equal 
sides is § of the base : find the area. 

44 . A triangular field, whose sides measure 375, 300, and 225 yds., is sold 
for ;C8500 : find the price per acre. 

46 . The area of an equilateral triangle is 1943‘737 sq. ft. : find its side. 

46 . The sides of a triangle, of which the perimeter measures 462 ft., are in 
the ratio of 6, 7, and 8 : find its area. 

47 . A triangular field is let for £$ lu. at the rate of ;^I2 an acre. 
One side is 738 Iks. : find the perpendicular on this side from the opposite 
angle. 

48 . Find the cost of painting the gable end of a house at is. gd. per square 
yard, the breadth being 27 ft., the distance of the eaves from the ground 33 ft., 
and the perpendicular height of the roof 12 ft. 

K. Roorkee Upper Subordinate: Monthly. 

49 . The sides of a triangular field are 350, 440, and 750 yds.; the field is 
let for £26 $s. a year : find at what price per acre the field is let. 

The sides of a triangle are 35, 39, and 56 ft. respectively : find the 
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areas of the two triangles into which it is divided by the perpendicular from 
the opposite angle on the largest side. 

61. The paving of a triangular court came toj^ioo, at is. yt per square 
foot : if one of the sides be 24 yds. long, find the length of the other two 
equal sides. 

62 . The sides of a triangle are 15, 14, and 13 ft. : find the area in square 
links. 

63 . One side of a triangular court is 98 ft., and the perpendicular on it 
from the opposite angle is 63 ft. : required the expense of paving it at 
Rs.l 3 annas per .square yard. 

64 . The sides of a triangle are 1200, 1450, and 1650 ft. : find the area in 
square yards, 

66. The sides of a triangle are 1115, 1750, and 1765 ft. : find the area in 
acres, roods, and perches. 

60 , The sides of a triangle are in the proportion of 13, 14, and 15, and 
the perimeter is 70 yds. : find the area, 

67 . What must be the side of an equilateral triangle so that its area may be 
equal to that of a square of which the diagonal is 120 ft. ? 

68. A triangular field, 363 yds. long and 240 yds. in the perpendicular, 
protluces an income of ;^36 a year : at how much an acre is it let? 

69 . A field, whose three .sides are equal, cost Rs.55 6 annas 9 pies turfing 
at the rate of 5 annas per 100 square feet: find the length of one of its sides. 

L. Roorkt'e Upper Suhordifiate : Final. 

60 . In a place where land costs /'40 an acre, a triangular field was bought 
for ;^300, of which one side measured 302 yds. l ft. 6 in. : what was the 
height of this triangle in yards ? 

M. Sandhurst. 

61 . Find the area of an isosceles triangle whose base is 16 ft. long, and 
sides each 17 ft. long. 

62 . Find (correct to the thousandth part of an inch) the length of one of 
the equal sides of an isoscek^ triangle on a base of 14 in., having an area of 
92*4 sq. in. 

N. Militia : Literary. 

63 . If the length of each side of an equilateral triangle were increased by 

I ft., the area would be increased by V 3 length of each 

side, 

O. Additional Examination Questions .— V. (For Answers, seep. 167.) 

64 . A person standing at a point A due south of a tower ob.serves the 
altitude of the tower to be 60^. He then walks to a point B due west of A., 
and observes the altitude to be 4^*^ ; and again at a point C \\\ AB produced 
he observes the altitude to be 30° : show that B is midway between A and C. 
(Calcutta University: F.E. Examination.) 

66. The sides of a triangle are 25, loi, 114 : find the two parts into which 
the longest side is divided by the perpendicular from the opposite angle. 
(Eurt^ean Schools : Final. U.P.) 

66 . The sides of a triangle are 17, 15, and 8 in. respectively : find the 
length of the straight line joining the middle point of 17 to the opposite angle. 
(Allahabad University: Matriculation.) 

67 . Find in acres the area of a triangle whose sides are 101V24, 

725^/11 yds. respectively. (Punjab University : Matriculation.) 

68 . The medians of a triangle are 105, 156, 219 ft. respectively : find the 
area of the triangle. (European Schools: Final. U.P.) 



CHAPTER VI. 


OA^ PARALLELOGRAMS. 


26. A parallelogram is a four-sided rectilineal figure having its 

opposite sides parallel 



The diagonals {or diameters) of a 
parallelogram are the straight lines 
joining opposite angular points. 

llie side of a parallelogram 
on which it may be supposed to 
stand is called its base. 

The height of a parallelogram is 


the perpendicular distance between 



Its base and the side opposite to the 
base. 

Thus, in the parallelogram A BCD, 
AC and BD are the two diagonals. AB 
may be regarded as the base, EF as the 
height. 

When the parallelogram is equilateral 
it is called a rhombus (see fig,). 


PROPOSITION V. 

27. To find the area of a parallelogram, having given its base 
and height. 

Let A BCD be a parallelogram. 
Let its base AB and its height 
EF measure b and h of the same 
linear unit respectively. 

It is required to find the area of 
the parallelogram in terms of b and h. 
Join A E and EB, 

Now, since— 
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Area of parallelogram AB CD = 2 X area of l\A EB Euc. I. 41. 
. area „ s, ABCD= 2 X i . ABxEE . . § 20. 

= bh sq. units 

Hence rule— 


The number of any linear unit in the base of a parallelogram 
multiplied by the number of the same Ihiear U7iit in the height gives 
the mimber of the corresponding square unit in the area. 

Or briefly— 

The area of a parallelogram = base x height 

A = bh . . . (i.) 


the base of a parallelogram = 

b = 


area 

height 

A 

h 


(ii.) 


area 

and the height of a parallelogram == ^— 

oase 

h = 

b 


PAKTICUIiAR CASE. 


28. Rectangle. 

Let A BCD be a rectangle. 

Then, if AB be regarded as its 
base, BC will evidently be its height. 
Now, area of any parallelogram 

= base X height.§ 27. 

area of rectangle A BCD =zABxBC 
= length X breadth 
A = a X b 



This result has previously been obtained in § 8. 


ILLUSTRATIVE EXAMPLES. 

29 . Exa^nple i.—The base of a parallelogram is 5 ft., and its 
height is 2 ft. 5 in. ; find its area in square inches. 

Areaofparal-U^;j § 

lelogram ) ^ 

where ^ = 5x12=60 
and k - z y. 12+ 5 = 29 

area of paral- \ 5^ x 29 sq. in. 

lelogram j ^ , 

= 1740 sq. in. 
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Exatnple 2.—The area of a parallelogram is 1*932 ac. If its 
base is 5 ch. 60 Iks., what is its height? 



Height of I _ 
parallelogram j ” 


ch. . § 27 


where A - 1*932 x 10 - 19*32 
and = 5*6 

height of 1 _ 19*32 . 

parallelogram / ~ 5*6 

= 3*45 ch. 

= 3 ch. 45 Ik'j. 


PROPOSITION VI. 


30. To fi7id the area of a faralleh^ram, having fiveti a dlaji^ofiaL 
and the perpendicular distance of this diagonal from either of the 
outlying vertices. 

Note.—In any parallelogram, it may be proved by geometry that 
the perpendiculars drawn from one pair of opposite vertices to the 
diagonal joining the other pair are equal. 



Let A BCD be a parallelogram. 

Let its diagonal AC measure 
d of any linear unit. Let DE^ 
the perpendicular from D on A C, 
measure p of the same linear unit. 

It is required to find the area 
of the parallelogram in terms of 
d and f. 


Now, since— 

Area of parallelogram ABCD== 2 x area of DC Euc. 1 .34. 

.*. area ,, „ ABCD=2 x \AC X DE . . § 20. 

= dp sq. units 

Hence rule— 

The number of any linear unit in the diagonal of a parallelogram 
multiplied by the number of the same linear unit in the perpendmilar 
distance of this diagonal from either of the otitlying angiUar points 
gives the number of the corresponding square unit in the area. 

Or briefly— 

Area of parallelogram = diagonal x perpendicular dis¬ 
tance of this diagonal from 
either of the outlying vertices 
A = dp.(i.) 

diagonal = 
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and perpen. distance = 
P 


area 

diagonal 

A 

d ' ‘ ‘ 


(iii) 


PARTICULAR CASE. 


31. Rhombus. 

Let A BCD be a rhombus. 

It can be proved by geometry 
that its diagonals AC and BD bisect 
one another at right angles. 

That is—- 

DK \ . DB = jfy 
and if J. ex])ress the measures of 
A C and DB in terms of the same 
linear unit— 



f> = 

2 

And area of rhombus = yiC X DB . . § 30. 

= X square units 
2 

Hence rule— 

Area of rhombus = i x product of its diagonals 
A = |d.d3 


ILLUSTRATIVE EXAMPLES. 

32 . Example i.—The area of a tract of country in the form of a 
parallelogram is 200 ac., and the length of one of its diagonals is \ 
mile : find the distance of this diagonal from either of the outlying 
corners. 



where A ~ 200 x 4840, 
and d = 880 ; 

. , 200 X 4840 , 

.'. required distance =--yds. 

= 1100 yds. 


’ § 30 . 
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Example 2.—The diagonals of a rhombus are 56 Iks. and 33 Iks. 

respectively : find the length of a side. 



In the rhombus A BCD let A C measure 
56 Iks., and BD 33 Iks. 

Now, because the diagonals of a 
rhombus bisect one another at right 

angles,.§ 31. 

in the A A EB — 

Z AEJB is a right angle 
AE =~- ^.AC = 2S Iks. 

BE =^ 1 , BD = 16-5 Iks. 
Hence— 


AB — 4 - (16*5)^ Iks.§ 16. 

= 32*5 Iks. 

Example 3.—The side of a rhombus A BCD is 18 cli., and one of 
its diagonals BD is 9 ch. : find the other diagonal, and the area of the 
rhombus. 

*; AEB is a right-angled triangle, . . . § 31. 


AE = srAB-^^BE^ § 16. 



AC - 34*856 . . . ch. 

Again— 

Area of rhombus — sq. ch. . . . . § 31. 

where d^ = 9, 

and d,j, = 34*856 . . . 

area = 156*85 . . . sq. ch. 




Example 4.—The perimeter of a rhombus is 146 in., and one of 
its diagonals is 55 in. : find the other 



diagonal. 

Let A BCD be a rhombus in which 
ZC measures 55 in., and let its perimeter 
measure 146 in. 

Then AB measures 36*5 in. 
and AE „ 27-5 in. 

/. BE = \ , BD = ^ A A E^ § 16. 

= - (27'5)‘‘‘ in. 

= 24 in. 

Hence other diagonal = 48 in. 
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On Parallelograms. 

Exa7nplc 5.—A parallelogram, the lengths of whose sides are 
^i2 ft. and 8 ft., has one diagonal 
ro ft. long : find the length of the 
other diagonal. 

In the parallelogram ABCD^ 
let AB ^ 12 ft., AD = 8 ft., BD 
~ 10 ft. 

From D and C draw DE and 
C/"perpendiculars on AB and AB 
produced respectively. 

Now— 

DB~ = DA'^ + Air^ ^2. AB . AE . . Euc. II. 13. 

Also— 

AO BO + AR^ + 2 . AB . BE . . Euc. II. 12 

Therefore, adding, we get— 

J>B- + AO = 2 . AD'^ -f 2AB- (since AE = BE) 

Hence, if .-IC measure xft — 

X- = 2X (8)- + 2 X ( 12 )- - (lo)ii 

- 128 + 288 - 100 
= 3 i^_ 

X = V316 
= I777^> . . • 

Hence other diagonal measures 17776 ft. nearly. 



PROPOSITION VII. 


33 . To find the area of a fiarallelogra?n^ having give?i a diago?iai 
and two adjacait sides. 

Let A BCD be a parallelogram. 

Let its diagonal AC measure d 
of any linear unit. Let its two ad¬ 
jacent sides AD, DC measure a and 
b of the same linear unit respectively. 

Then a and b will also denote the 
measures of BC and AB. Euc. I. 34 . 

It is required to find the area of 
the parallelogram in terms of a, b, and d. 

Now, since— 



Area of parallelogram ABCD^2 x area of /S. ADC . Euc. 1. 34 . 
. *. area of parallelogram A BCD = 2 X V — a){s — b){s---d) sq. units 

.§ 23- 

Hence rule— 

The area of a parallelogram is eqnal to twice the area of a 
triangle having for its sides a diagonal of the parallelogram afid any 
two of its adjacent sides. 
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IIiLUSTRATIVE EXAMPLE. 


34 . Example .—Find the area of a parallelogram of which a 
diagonal measures 65 in., and of which two adjacent sides measure 
70 in. and 75 in. respectively. 


Area of parallelogram 



7^- 


'Z^Js{s - a){s - b){s - d) sq. in. . 

where a — 70, 

75 , 
d ~ 65 ; 

• = 70 ±75 + 65 ^ 

J 

and s — a = 105 — jo = 35 
.y - = 105 - 75 rr 30 

s — d ~ 105 — 65 = 40 


§33. 


105 


/. area of parallelogram = 2 x ^ 105 x 35 x 30 x 40 sq . in 


= 2 X 


V5^ 


X 7^ X 3^ 


= 2 X 2100 sq. in. 
= 4200 sq. in. 


10- X 2- sq. in. 


Examples—VI. A. 

Find the areas of the following parallelograms : — 

1 . Base 24 ft., height 13 ft. 

2 . Base 5 yds. 2 ft., height 9 yds. i ft. 

3 . Base I5'46 ch., height 1272 ch. 

Find the bases of the following parallelograms :— 

4 . Area 256 sq. ft., height 32 ft. 

6. Area 23 sq. yds. 8 sq, ft., height 14 yds. I ft. 

6. Area i ac., height 3-8 ch. 

Find the areas of the following parallelograms :— 

7 . One diagonal 5 ft. 8 in. ; perpendicular distance of this diagonal from 
either of the outlying vertices, 2 ft. 3 in. 

8. One diagonal 15 ch. 36 Iks. ; perpendicular distance of this diagonal 
from either of the outlying vertices, 7 ch. 54 Iks. (express the result in acres). 

0 . The area of a parallelogram measures 15 sq. yds , and one of its diagonals 
measures 7 yds, i ft. 6 in. ; find the distance of this diagonal from the outlying 
vertices. 

10 . Find the perimeter of a rhombus whose diagonals measure 3 ft. 6 in. 
and 2 ft. 9 in. respectively. 

11 . Find the cost, at 4 annas 6 pies a square yard, of turfing a plot of 
ground in the form of a parallelogram whose base measures 62 ft., and height 46 ft. 

12 . Find the area of a rhombus whose perimeter is 248 in., and one of 
whose diagonals is 104 in. 

13 . The side of a rhombus is 65 ch., and one of its diagonals is 112 ch. ; 
find the length of the other diagonal. 
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Examples—VI. B. 

Find the areas of the following parallelograms :—- 

14 . Base 20 rasi, height 16 rasi. 

15 . Base 10 rasi 6 lalhas, height 32 lalhas. 

16 . Base 8"3 rasi, height 6*8 rasi. 

17 . Find the base of a parallelogram whose area measures 2 bighas, and 
whose height measures 3 rasi 6 lathas. 

18 . Find the area of a parallelogram, one of whose diagonals measures 
2 rasi 8 lathas, and the perpendicular distance of this diagonal from one of the 
outlying vertices measures 10 lathas. 

10 , Find the area of a rhombus whose diagonals measure 15 lathas and 
13 lathas respectively. 


Examination Questions—VI. 

A. Allahabad Ihtiversity: Matriculation, 

1 . The diagonals of a rhombus are 6 ft. and S ft. : find the side and the 
height. 

B. Calcutta University : Matriculation. 

2 . The diagonals of a rhombus are 72 and 96 : find its area and the lengths 
of its sides. 

C. Madras 'I'cchnical: JElemeniary. 

3 . Each side of a rhombus is 330 ft., and one diagonal is 500 ft. : find the 
area of the rhombus in acres and cents. 

4 . Find the area of a rhombus in square feet, the diagonals being 160 ft. 
and 100 ft. 

5 . The area of a mat in the form of a rhombus is 8 sip yds., and the peri¬ 
meter is 36 ft. ; find its perpendicular breadth. 

1 .^. European Schools: Final. United Frovinces. 

0 , The semi-diagonals of a rhombus are 8 and 16 in. respectively : find 
the area of the rhombus, and also the length of its side. 

E. Roorkee Engineer: Entrance. 

7 . The area of a rhombus is 120,000 ft., and the side 400: find the 
diagonals, 

F. Roorkee Upper Subordinate: Entrance. 

8 . The diagonals of a rhombus are respectively 40 and 60 yds.: find its 
area, perimeter, and height. 

9 . The diagonals of a rhombus are 88 and 234 ft. respectively: find the 
area ; find also the length of a side and the height of the rhombus. 

G, Roorkee Engineer : Final. 

10 . The side of a rhombus is 36 ft., and one of its diagonals is 18 ft. : find 
the other diagonal and the area of the figure. 

11 . The side of a rhombus is 20, and its longer diagonal is 34*64 : find the 
area and the other diagonal. 
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PI. Roorkee Upper Subcrdinaie: Monthly, 

12. The area of a rhombus is 354,144 sq. ft., and one diagonal is 672 ft. : 
find the other diagonal; find also the length of a side, and the height of the 
rhombus. 

IS. The diagonals of a rhombus are 60 ft. and 45 ft. respectively : find its 
area ; find also the length of a side and the height of the rhombus. 

14 , The side of a rhombus is 20 ft., and its shorter diagonal is three-fourths 
the longer one : find its area. 

I. Additional Examination Questions .— VT. (For Answers, >ee p. 168.) 

15 . The diagonals of a rhombus are 4 ft. and I ft. 2 in.: find the sides and 
the area. (Allahabad University: Matriculation.) 

18 . A field is in the form of a rhombus whose diagonal- are 2870 links 
and 1850 links : find to the nearest j)enny the rent at £,0^ Ioj. 6r/. an acre. 
(Calcutta University : F.E. Examination.) 

17 . The diagonals of a rhombus arc 80 and 60 ft. respectively : find the 
area, length of side, and height of the rhombus. (Roorkee Upper Subordinate : 
Entrance.) 



CHAPTER VII. 

ON ANY QUADRILATERALS, 


35 . A quadrilateral is any figure 
bounded by four straight lines. 

When two of the sides of a 
quadrilateral are parallel to one 
another, the figure is called a 
trapezoid (see fig.). 

The perpendiculars drawn from two opposite angular points 



of a quadrilateral to the diagonal 
joining the remaining angular 
points are called the ^sets from 
that diagonal to those angular 
points. 

Thus in the quadrilateral 
A BCD, DjF and BE are the 
offsets from the diagonal AC to 
the angular points D and B, 



PROPOSITION VIII. 


36 . To fijid the area of a quadrilateral, having given a diagonal 
and its offsets to the outlying angular poifits. 


Let A BCD be a quadri¬ 
lateral. 

Let its diagonal A C measure 
d of any linear unit. Let DF 
and BE, the offsets from this 
diagonal to D and B, measure 
px and Pt of the same linear unit 
respectively. 

It is required to find the 
area of the quadrilateral in 
terms of d, pi, and p.i. 

Now, since— 


B 



Area of quadrilateral A BCD = area of A ADC+a^reB. of ABC 
; „ „ ABCD==}s.DF.AC+h^FE,AC §20. 

= (^pi^d + ^.p2»d) sq. units 
= id(pi + Pi) sq. units 





56 


Elementary Mensuration, 


Hence rule— 

Multiply the fiumher of any linear unit in the diagonal of a 
qjiadrilateral by the sum of the numbers of the same linear unit in 
the offsets from this diagonal to the outlymg angular points ; then 
half the product will give the number of the corresponding square u?iit 
in the area. 

Or briefly— 

Area of a quadrilateral = J diagonal x (sum of 

its offsets) 

A = i . d(p, + po) . (i.) 

2 X area 

/. a diagonal of a quadrilateral — offsets 


2 X A. 

Pi + P. 


(ii.) 


Note .—If the diagonal falls outside the figure, the rule evidently becomes 
Area of quadrilateral = | diagonal x (difference of its offsets) 


PARTICUIiAR CASES. 

37. I. Parallelogram. 

Here the offsets from a diagonal 
to the outlying angular points are 
equal to one another . . § 30. 

That i.s,/, =A' =/ 

Now, atea of any quadrilateral = \d{p^ + A) sq. units § 36 
area of parallelogram = ^ • d(p -j- p) sq. units 
= dp sq. units 

'rhis result has been previously obtained in § 30. 



2, A quadrilateral whose diagonals cut one another 
at right angles. 



Let A BCD be a quadrilateral whose 
diagonals AC and BD cut one another 
at right angles. 

Let ^/j, d^ be the measures of the 
diagonals A C and BD^ both expressed 
in terms of the same unit. The sum 
of the offsets from one diagonal, AC,, 
evidently makes up the other diagonal, 
BD, 

That is, A + A2 = 


Now, area of any quadrilateral = + A>) sq. units . § 36, 

area of quadrilateral A BCD = |. dff.i sq. units 
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ILLUSTRATIVE EXAMPLES. 


38 . Exajiiple i.—In a quadrilateral ABCD, the diagonal AC 
measures 2 ft. 0 in., and the off¬ 


sets from this diagonal to B and 
D measure 1 ft. 7 in. and ii in. 
respectively : find the area of the 
quadrilateral. 

quadrihreral}"" - ^§"36*^^' 

where d—2 x 12 -f 9 ~ 33, 
and Pi = i X 12 + y = 19, 
and po— II; 

area of I i , s 

quadrilateral j “ ‘^^^ ^ ^^ 

i • 33 • 30 sq. in. 


B 



==495 sq. in. D 

= 3 sq. ft. 63 sq. in. 

Example 2.—In a quadrilateral ABCD^ the sides BC^ CD. 
DA measure 20, 13, 17, 10 Iks. respectively, and the diagonal AC 21 
Iks. : find the area of the quadrilateral. 



Area of quadrilateral = area o f A ABC -f area of A CD _ 

= V27 X 14 X 7 X 6 sq. Iks. + ^ 2 \ x 14 x 7 x 3 sq- 

Iks.§ 23. 

= 126 sq. Iks. + 84 sq. Iks. 

= 210 sq. Iks. 

PROPOSITION IX, 

39. To find the area of a trapezoidy having given the parallel 
sides and the perpendicular distance between them. 

Let ABCD be a trapezoid. 
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Let its parallel sides AB and DC measure a and b of the 
same linear unit respectively. Let DE^ the perpendicular dis¬ 
tance between them, 
measure h of the same 
linear unit. 

It is required to find 
the area of the trape¬ 
zoid in terms of by 
and h, 

J oin A C, 

Now, since— 

Area of trapezoid = area of A A CD -f area of A ^ 

= i X 4- i . AB X DE % 20. 

= . bh + \ah) sq. units 

~ i • (^ 4 

Hence rule— 

Multiply the sum of the munbcrs of any Ihiear unit in the 
parallel sides of a trapezoid by the number of the sa?ne linear wiit i?i 
the perpcfidicular distance between them ; then half the product will 
give the number of the corresponding square unit m the area. 

Or briefly— 

The area of a trapezoid = \ . sum of parallel sides 

X distance between them 

A == i(a 4 b)h .(i.) 

the distance between the \ _ 2 x area 

parallel sides of a trapezoid I sum of parailel sides 

h = .... (ii.) 

a 4 b 

If a ring be cut across at any point in its outer circumference 



and then straightened out, its surface may be seen to be that of a 
trapezoid, whose parallel sides are the inner and outer circum- 
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ferences of the ring respectively, and whose distance between the 
parallel sides is equal to the width of the ring. 



~3 S7yds .' 


ILLUSTRATIVE EXAMPLES. 

40 . Example i.—The parallel sides of a trapezoid are 3*57 yds. 
and 4'62 yds. respectively, and ihe 
distance between them is 2*93 yds. : 
find the area of the trapezoid. 

tfapez^d} = hia+i)A sq. 5ds. § 39 - 

where a = 3*57, 

/> - 4-62, 

// = 2-93 ; 

= 11*99835 sq. yds. 

^ Exa»iplc 2.—The parallel sides ot a trapezoid are 24 and 52 ft., 
and the other sides are 26 and 30 ft. : 
find the area. 

Let A BCD be the trapezoid, so 
that DC = 24 ft., AB = 52 ft., DA = 

26 ft., CB — 30 ft. 

Through C draw CE parallel to 
DA^ and C/''perpendicular to AB. 

Then EB = AB-AE = {S2- 24) ft. 

= 28 ft. 

N ow, area of A EBC ■ 

where a — 26, 
b = 28, 

= 30; 



ds{s - a){s - b){s - c) sq. ft. § 23. 


42 


.*. area of A EBC = ^42 x 16 x 14 x 12 sq. ft. 
= 336 sq. ft. 

Also CF=C h . 

b 


•S 20. 


where A — 336, 
and ^ = 28 ; 

— 24 ft. 

.‘. area of trapezoid = ^{a + b)h sq. tt. 

where a = 24, 
b = 52, 
h - 24 \ 

area of trapezoid = ^(24 4- 52) x 24 sq. ft 
= 912 sq. ft. 
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^ Example 3. —Find the area of a plane circular ring whose outer 
‘ and inner circumferences measure 50‘26544 in. and 43*98226 in. respec¬ 
tively, the width of the ring being one inch. 


4 ^ 98226 




Area of ring = area of trapezoid . . . . § 39. 

— l{a b)h sq. in. § 39. 

where a = 50*26544, 

b = 43*98226, 

\ \ 

area of ring = .^(50*26544 4- 43*98226) sq. in. 

=: J X 94*24770 sq. in. 

= 47*12385 sq. in. 

41 . The area of a quadrilateral inscribed in a circle may be 
expressed in terms of the four sides, thus : 

Area of quadrilateral = — a){s — b){s — c){s — d) sq. units 

where a, b, r, d are the measures of the sides, all expressed in 
terms of the same unit, and— 

_a-\-b-\-c-^d 

2 

The proof of this formula depends upon the fact that the 
opposite angles of any quadrilateral inscribed in a circle are 
together equal to two right angles.Euc. III. 22. 



ILLUSTRATIVE EXAMPLE. 

42 . Example .—The .sides of a quadrilateral inscribed in a circle 
75 ? 55 j 40 ii^- • area. 

~ -a)(s- 6 j{s - n(s - d) 

^ ■ sq. in. ... § 41. 

where a — 75, 
b = 55 , 

e — 60y 

d^ 40; 

• j = 75 + 55 + 60 4-4 0 
2 

= 115 

area of \ 
quadrilateral j 


V40 X 60 X 55^x75 


sq. 
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Examples— Vn. A. 

Find the areas of the quadrilaterals whose dimensions are as follows :— 

1 . Diagonal 213 ft., offsets 97 aiid 103 ft. 

2 . Diagonal 5 yds. 2 ft., offsets i yd. 2 ft. and 2 yds. i ft. 

3 . Diagonal 9 ch. 12 Iks., offsets 4 ch. 23 Iks. and 5 ch. 56 Iks. 

4 . Diagonal 12 ch. 22 Iks., offsets 7 ch. 13 Iks. and 8 ch. 24 Iks. 

Find the areas of the trapezoids whose dimensions are as follows :— 

6. Parallel sides 57 and 83 ft., perpendicular distance 16 ft. 

0 . Parallel sides 4 yds. i ft. and 3 yds. 2 ft., perpendicular distance 2 ft. 

7 . Parallel sides 4 ch. 18 Iks. and 7 ch., perpendicular distance 78 Iks. 

8. Parallel sides 9 ch. 14*3 Iks. and 74*5 Iks., perpendicular distance 2 ch. 

Find the perpendicular distance between the parallel sides of the trapezoids 
having the following measurements :— 

9 . Area 340 sq. yds., parallel sides 30 ft. and 18 ft. 

10 . Area 62 ac. 3 ro., parallel sides 30 ch. and 20 ch. 

11 . A field is in the form of a trapezoid ; its parallel sides are 9 ch. 50 Iks. 
and 8 ch, 50 Iks. j the perpendicular distance between them is ii ch. 25 Iks. : 
find the rent at Ks.23 per acre. 

12 . Find the cost of paving a courtyard in the form of a trapezoid whose 
parallel sides measure 20 yds. 2 ft. and 17 yds. i ft respectively, and the 
perpendicular distance between them 10 yds., at 7 annas per square foot. 

18 . Find the cost of a four«sided piece of ground, if one of its diagonals 
measure 7 ch. 36 Iks., and if the offsets from this diagonal to the opposite 
angular points measure 4 ch. 23 Iks. and 6 ch. 19 Iks. respectively, at Rs.300 
per acre. 

14 . Find the rent of a four-sided field whose diagonal is 16 ch. 35 Iks., 
and whose offsets are 5 ch. 20 Iks. and 7 ch., at Rs.40 per acre. 

16 . The rent of a four-sided field is Rs.69’3. A diagonal of this field 
measures 6 ch. 60 Iks., and its offsets to the opposite angles measure 5 ch. 
10 Iks. and 3 ch. 30 Iks. respectively : find the rent per acre. 

16 . A room is in the form of a trapezoid, whose parallel sides measure 
35 ft. 7 in. and 24 ft. 5 in. respectively. The perpendicular distance between 
these sides is 18 ft. What length of matting | yd. wide will be required to 
cover the floor ? 

17 . Find the area of a quadrilateral whose diagonals arc 5 yds. i ft. 9 in. 
and 6 yds. 2 ft. 6 in. respectively, and are at right angles to one another. 

18 . The difference between the two parallel sides of a trapezoid is 8 ft., the 
perpendicular distance between them is 24 ft., and the area of the trapezoid is 
312 sq. ft. : find the two parallel sides. 

19 . Find the area of a quadrilateral inscribed in a circle whose sides measure 
36) 77> 75» iiTid 40 Iks. respectively. 

Examples—VII. B. 

Find the areas of the quadrilaterals whose dimensions arc as follows : — 

20 . Diagonal 18 rasi, offsets 15 rasi and 21 rasi. 

21 . Diagonal 3 rasi 8 lathas, offsets 2 rasi and 5 rasi 6 lathas. 

Find the areas of the trapezoids whose dimensions are as follows:— 

22 . Parallel sides 23 rasi and 37 rasi, perpendicular distance 36 rasi. 

23 . Parallel sides 6 rasi 14 lathas, 4 rasi 12 lathas; perpendicular distance 
3 rasi 4 lathas. 

Find the perpendicular distances between the parallel sides of the trapezoids 
having the following measurements :— 
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24 . Area 3 bighas 10 biswas, parallel sides 1 rasi 15 lalhas and i rasi 
5 lathas. 

26 . Area 5 bighas 15 biswas, parallel sides 2 rasi 10 lathas and i rasi 
15 lathas. 


Examination Questions—VII. 

A. Allahabad University: Matriculation, 

1. The sides of a quadrilateral inscribed in a circle, taken in order, are 25, 
39, 60, and 52 ft.: find the area of the quadrilateral. 

2 . The opposite sides of a quadrilateral are parallel, and the distance 
between them is 7 ch. 50 Iks. ; if the area is 675 ac., and the length of one 
of the parallel sides is 10 ch. 30 Iks., find the length of the other. 

B. Puniab University: Mairiculatiofi. 

3 . Prove the rule for finding the area of a trapezoid. 

C. Punjab University: Middle School. 

4 . ABCD is a quadrilateral. Kach of the angles ABC and DAC is a 
right angle; the following lengths are in feet: AB = 112, CD = 175, 
DA = 105. Find the area. 

6 . The sides of a quadrilateral, taken in order, are 5, 12, 14, and 15 ft. 
respectively, and the angle contained by the first two is a right angle: find the 
area. 

6. In a quadrilateral AC = 13 ft., BD = 12 ft., AC BD at 

right angles : find the area. 

D. Puropeaii Schools : Final, United Provinces, 

7 . The sides of a quadrilateral are 75, 75, 100, 100 ft. respectively, and it 
can be inscribed in a circle : find its area. 

8. In a trapezoid the parallel sides are 14 and 20 yds. respectively, and the 
perpendicular distance between them is 12 yds.: find the area of the trapezoid. 

E. Madras Pechnical: Flementarv, 

0 . Find the area of a trapezoid whose parallel sides are loco ft. and 
1500 ft., and the distance between them 100 ft. 

F. Roorkee Rngineer: Entrance, 

10 . A field is in shape a trapezoid, whose parallel sides are 6 ch. 75 Iks., 
and 9 ch. 25 Iks. : if the area be 2 ac. 3 ro. 8 per., find the shortest way 
across the field in yards. 

11 . A field in the form of a quadrilateral, ABCD, whose sides taken in 
order are respectively equal to 192, 576, 288, and 480 ft., has the diagonal AC 
equal to 672 ft.: find the area in acres, roods, poles, etc. 

12 . One diagonal of a quadrilateral which falls without the figure is equal 
to 30 yds., and the difference of the perpendiculars upon it from the remaining 
angles of the quadrilateral is 14 yds. : find its area. 

G. Roorkee Upper Subordinate: Entrance, 

18 . Find in acres the area of a quadrilateral whose diameter is 19^3 ch., 
and the perpendiculars on which, from the opposite angles, are 13*5 ch. and 
18*75 ch. respectively, i chain = 66 ft. 

14 . Find the area in acres of a field ABCD, AD = 220 yds., BC = 
265 yds., AC = 378 yds., and the perpendiculars from D and B meet the 
diagonal in £ and F, so that A£ = 100 and CF = 70 yds. 
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16 . AC is the diameter of a circle and a diagonal of the inscribed quadri¬ 
lateral ABCD ; given AB = 30, BC = 40, CD = 10, find AD and the area 
of the quadrilateral. 

16 . How many square yards are there in a trapezoid, the parallel sides of 
which are 157*^ metres and 94 metres, and the perpendicular distance between 
them 72 metres? i metre = 39*37 in. 

17 . Ihe area of a trapezoid Is 475 sq. ft,, the perpendicular distance 
between the two parallel sides is 19 ft. : tind the two parallel sides, their 
difference being 4 ft. 

18 . Calculate the area of a trapezoid, the sides of which, taken in order, 
are 13, ii, 15, and 25, and the second parallel to the fourth. 

H. Roorkee Etigineei’: Monthly. 

19 . How many square yards of paving are there in a quadrangular court 
whose diagonal is 54 ft., and the perpendiculars on it, from the opposite 
corners, 25 and I7f ft. respectively. 

20 . A trapezoid, with parallel sides of lengths as 3 : 4 is cut from a rect¬ 
angle 12' X 2^, so as to have an area of one-third of the latter : find the lengths 
of the parallel sides. 


I. Roorkee Engineer: Final. 

21 . The parallel sides of a trapezoid are 55 and 77 ft., and the other sides 
are 25 and 31 ft. : find the area. 

22 . Two of the four hedges of a field are parallel, and 1000 yds. and 
936 yds. respectively. A man standing midway between these parallel hedges 
observed that a horse he was lunging, with 25 yds. of rope, in crossing the 
shortest line from his station to either parallel hedge, bisected it: required area 
of field in acres. 

28 . A quadrilateral ABCD. Find area in acres and decimals of an acre, 
AB ^ 300 yds., BC = 350 yds., CD — 700 yds., DA — 650 yds., AC — 
400 yds. 


J. Roorkee Upper Subordinate: Monthly. 

24 . The sides of a quadrilateral, taken in order, are 8, 8, 7, 5 ft. re¬ 
spectively, and the angle contained by the first two sides is 60® : find the area. 

26 . The parallel sides of a trapezoid are 14 and 30 ft. respectively, and the 
other two sides are 12 and 19 ft.: find the area. 

26 . One diagonal of a quadrilateral which lies outside the figure is 70 ft., 
and the difference of the perpendiculars upon it is 16 ft.: find the area. 

27 . A railway platform has two of its oppr)site sides parallel, and its other 
tw'O sides equal ; the parallel sides are 100 and 120 ft. respectively, and the 
equal sides are 15 ft. each : find its area. 

28 . In a trapezium ABCD, AB — 345, BC = 156, CZ> = 323, DA 
= 192, the diagonal AC ^ 438 : find the area. 

28 . Required the depth of a ditch, the transverse section of which is a 
trapezoid, area 146*25, breadth at top = 20, side slopes 3 to i and 2 to i. 

30 . The area of a trapezoid is 3^ ac., the sum of the two parallel sides is 
297 yds. : find the perpendicular distance between them. 

31 . ITie four sides of a quadrilateral inscribed in a circle are 80,60, 50, and 
86 ft.: required the area. 

32 . One of the parallel sides of a trapezoid is i ft. longer than the other, 
the breadth is i ft., and the area 216 sq. in. : required each of the parallels, 

38 . How many square yards are contained in a quadrilateral, one of its 
diagonals being 60 yds, and the perpendiculars upon it 12*6 and 11*4 yds. ? 
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K. Roorkce Upper Subordinate: Final. 

84 . Find the area of a trapezoid whose parallel sides are 72 and 385 ft., the 
other sides being 20 and 26J ft. 

36 . A ditch is 30 ft. wide at top and 18 ft. at bottom. The earth ex¬ 
cavated from it is formed into a bank 28 ft. wide at top and 38 ft. at bottom, 
and 10 ft. high : what is the depth of the ditch ? 

L. Sandhui'st. 

36 . The area of a trapezoidal field is 4J ac., the perpendicular distance 
between the parallel sides is 120 yds., and one of the parallel sides i.s 10 ch. ; 
find the other. 

M. Additional Examination Questions .— VII. (For Answers, see p. 168.) 

37 . ABCD is a quadrilateral, right-angled at B and D; also AB = 36 
chains, BC = 77 chains, Cl) = 68 chains : find the area. (European Schools : 
Final. U.P.) 

38 . Find an expression for the area of a trapezoid with parallel sides of 
lengths a and and the other sides e and d. (Roorkee Engineer : Entrance.) 

39 . Find the area of a quadrilateral ABCD^ given AB ~ 30 in., BC = 
17 in., CD — 25 in., DA — 28 in., Bl) — 26 in, (Allahabad University : 
Matriculation.) 

40 . One diagonal of a quadrilateral which falls without the figure is equal 
to 30 yds., and the difference of the perpendiculars upon it from the remaining 
angles of the quadrilateral is 40 yds. : find the area. (Roorkee Upper Sub¬ 
ordinate: Entrance.) 

41 . The sides of a quadrilateral are 204, 369, 325, 116 yds., and the 
second side is parallel to the fourth: })rove that the angle contained by the 
first two sides is a right angle, and find the area of the quadrilateral. (Euro¬ 
pean Schools : Final. U.I\) 



CHAPTER Vril. 

ON REGULAR POLYGONS. 


43, A polygon is a figure bounded by four or more straight lines. 

A polygon is said to be regttlar when all its sides and angles 
are equal. 

A four-sided polygon is called a quadrilateral 
A five-sided ,, „ a pentagofi, 

A six-sided „ „ a hexagon. 

A seven-sided „ a heptagon. 

An eight-sided „ „ an octagon. 

A nine-sided „ ,, a nonagon. 

A ten-sided „ „ a decagon. 

An eleven-sided „ „ an tindecagon. 

A twelve-sided „ a dodecagon. 

A fifteen-sided „ „ a qumdccagon. 

It is obvious that the central point of a regular polygon is 
also the centre of both the circle which is circumscribed 


about the polygon and of the 
circle which is inscribed in the 
polygon. 

It is also evident that the 
perpendicular from the central 
point of a regular polygon 
upon a side is the radius of 
the inscribed circle, and that 
the straight line joining the 
central point to an angular 
point of the polygon is the 
radius of the circumscribed 
circle. 

For example, O is the centre 
of both the circle ABC, which 
is circumscribed about the poly¬ 



gon, and of the circle BQB, which is inscribed in the polygon. 


D 
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Also, OP is the radius of the circle PQP, and OA is the radius 
of the circle ABC. 


PROPOSITION X. 

44. To find the area of a regular polygon of n sides^ having 
given the length of a side and the radius of the ifiscribed circle. 

Let ABCDEF be a regular 
polygon. 

From its central point O draw 
OG perpendicular to AB. 

Then OG will be the radius of 
the inscribed circle . . . § 43 . 

Let OG measure r of any linear 
unit. Let AB measure a of the 
same linear unit. 

It is required to find the area of 
the |^)olygon in terms of and r. 
join OA, OB, OC, OD, OE, OF. 

Thus the polygon is divided up into as many equal triangles 
as the figure has sides. 

Area of polygon = area of A A OB X number of sides of polygon 
= i X OG X AB X ,, ,, )) § 20. 

n 

~-’gX ar sq. units 



Hence rule— 

The product of the number of any linear unit in one side of a 
regular polygon by the iiumber of the same Umar unit in the radius 
of the inscribed circle, multiplied by half the number of the sides, gives 
the number of the corresponding square unit in the area. 

Or briefly— 

Area of a regular polygon = x side 

X radius of inscribed circle 

. n 

A = 2 X ar.(•) 

Hence— 

The side of a regular polygon 

____ 2 X area _____ 

number of sides x radius of inscribed circle 

2jAl /;! V 
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and perimeter of polygon = na = 



2A 

r 
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(iii.) 


PARTICXJLAB CASES. 


45. I. Hexagon. 

Here it may be seen that A OB is an equilateral triangle. 



2 . Octagon. 

Here it may be seen that— 

OG = OH ^ IIG 

LB 

2 

But LB is the side of a square whose diagonal is A'C = <t. 


-y .§ 17. 



3^. U111L9 

= + V 2 ) sq.units 
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IliliUSTBATIVE EXAMPLES. 


46. Example i.—Find the area of a regular hexagon whose side 
. measures 9 in. 

/ \ Area of regular j sq. in. . § 45. 

\ hexagon / 2 ^ 

\ where a ~ c) \ 


area of rei 
hexagon 


igularj 


3 X 81 X V3 
2 

243 X 173205 


2io'44 . . . sq. in. 


Example 2.—Find the area of a regular octagon whose side 
’v measures 2 yds. 2 ft. 

\ ''oc.Son^'")' ft- 

where ^ = (2 x 3 + 2) 

= 8 ; 

area of octagon = 2 x 8^(1 4* ^2) sq. ft. 

\ y = 128(1 +V2) sq. ft. 

y =128 X 2‘4i42i . . . sq. ft. 

X =309*01 . . . sq. ft. 

' 2 yds 2ft.'- = 34 sq. yds. 3*01 . . . sq. ft. 


‘'Zyds 2ft.'~ 


Example 3.—There is a square room which it is proposed to 



enlarge by throwing out a hexagonal 
front on one of its sides, so that three 
sides of the hexagon may form a bay 
front: what area of new flooring will be 
required, the side of the square being 
24 ft ? 

In the figure (which represents a 
plan of the floor), join the middle 
point of the side DC of the square 
A BCD, to F. 

Then it is evident that FGC is an 
equilateral triangle. 

FC== GC = i.DC^ 12ft 
"Hence area of new flooring will 
equal area of half a regular hexagon 
whose side measures 12 ft. 



sq. ft 


. US- 


where « « 12 ; 






Hence— 
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area of new flooring = 


3Li‘_L44iLV3 3q 
187-061 . . . sq. ft. 


PROPOSITION XL 

47 . To fifid the area of a regular polygon of n sides^ havhig 
given the length of a side and the radius of the circumscribed circle. 
Let ABCDE be a regular 


( 9 , its central point, 


polygon, 

Join 
to B. 

Then OB will be the radius 
of the circumscribed circle. 

Let OB measure R of any 
linear unit. Let A B measure a 
of the same linear unit. 

It is required to find the 
area of the polygon in terms of 
n, Of and R. 

Draw 00 perpendicular to 
AB. 

Now 00 is the radius of the inscribed circle 
.-. area of polygon = ^ x a x OG 



But OG = OBI - GBf .... 

area of polygon = 

na = perimeter of pol ygon 


§ 43 - 

§ 44 - 
s' 16. 


and 


area of polygon = - 


_ perimeter 
2 

na 
2 


or 


'V^-( ^ ^ sq. units 


Hence rule— 

From the square of the number of any linear unit tn the radius 
of the circumscribed circle subtract the square of half the number of 
the same linear unit in a side of the polygo?i ; then the square root of 
the remainder^ multiplied by half the number of tJu same linear unit 
in the perimeter.^ gives the number of the corresponding square unit in 
the area. 

Or briefly— 



7© Elementary Mensuration, 

Area of regular poly gon __ _ 

= 2 . perimeter,Y/(radius of circumd. circle)* — ^ 





PARTICULAR CASES. 

48. I. Hexagon. 

Here OB — B = BB = a, and area 


of any reg. polygon = ^ 

units . § 47. 


(0- 


fr-sq.units 

4 

sq. units 


area of regii-) _ 
la’ hexagon } 2 

_ 3'?V3 
2 

This result has been previously obtained in § 45. 

2 . Dodedagon. 

Let AB be a side of a regular 
dodecagon, and BB a side of a 
regular hexagon, inscribed in the 
circle A BCD. 

Through ( 7 , the centre of the 
circle, draw COL perpendicular to 
DB. 

Then COL produced will pass 
through A, 

Join OB and CB. 

Then OB is the radius of the 
circumscribed circle . . . § 43. 

That is, OB = B = 2 . LB 
Now, because the triangles ^^Cand ABI. are similar, 

CA : AB = AB : AL . . Euc. VI. 4. 
f.c. 2B : a = a : AL 
But AB = AB^ - BL/ . Euc. I. 47. 



2/e 


: a = a : (f - 


4 


2i?\/ a^-:^ = d- 


4 


+ V3) 
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Now, area of any reg. polygon = ^ R?— ( ^ ^ 47 - 

,, ,, dodecagon = ^~^\/+ V3) ~ ^ sq.units 

= 6 ^ 7 %/| + ^^3 sq. units 

ILLUSTRATIVE EXAMPLES. 

49 . Exatnple i.—Find the area of a 
regular dodecagon, whose side measures 
10 in. 

where a — 10 ; 

area - 6 oo^l + /y/3 sq. in. 

= 6qov ^i 75 -f 17 320508 . .Tsq. in. 

= 6oov'3’482o5o 8 . . . sq. in. 

= 600 X 1*8660 sq. in. nearly 
= 1119 sq. in. nearly 

Example 2.—Find the side of a regular hexagonal enclosure which 
measures one acre. 



Area of regular hexagon = sq. yds. 


. § 45 - 


A sq. yds. - i acre = 484059. yds. 

. a2 _ ?_ ^ 4^_4P 
5\/3 




2 X 4840 


side of reg, 
hexagon 



= 43 yds. nearly 

^ Example 3.—Compare the areas of a regular octagon and a regular 

dodecagon of equal perimeter. 

Let the perimeter of each measure x in. 
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Then each side of the octagon measures ^ in., and each side of the 

X . 

dodecagon measures m. 

But area of octagon = + v^2) sq. in. . . § 45 » 

where = g 5 

and area of dodecagon 6 a^Aj\-^ sq- in. • . § 4 ^- 

where a ~ ^ : 

12 

. , , _ 2;i'2(i + v^2 ) . 6 .a^V'T+V 3 

area of octagon : area of dodecagon - 

— i_ir 

32 ‘ 24_ 

== 3(1 +V2): 4\/i+V3 


PROPOSITION XIL 

50 . To find the area of a regular polygon of n sides^ har ing Qwen 
(i) the length of a side^ or (2) the radius of the inscribed circle.^ or 
(3) the radius of the circumscribed circle. 

D Let ABCDE be a regular 

polygon. 

V. Join its central point O to its 

angular points A, B, C, £>, E. 
£ perpendicular to AB. 

Then OA is the radius of the 
\ / circumscribed circle, and OG is 

\ '7 !\ / radius of the inscribed circle. 

\ i \ / Let AB measure a of any 

\ // ^ \ / linear unit. Let OG measure r 

y/ \ / of the same linear unit. Let OA 

. \ measure R of the same linear 

^ ® unit 

It is required to find the area of the polygon in terms of— 

{i) n and a, 

(2) n and r, 

(3) n and R. 

Now, area of polygon = |^ X OG , , . § 44. 

and OG = AG cot AOG 

a 180° 

= ~ cot- 

2 n 
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. , n ® 4. i8o . 

area of polygon = - X « X - cot - sq. units 

” 2 2 n 

2 n ^ i8o° . 

= X - cot - sq. units . 

4 ^ 


71 

Again, area of polygon = -. AB x r 


. (A) 

§ 44 - 


and AB = 2 . ( 96 ^ tan A OG 
180° 


2r tan - 


n 


Lastly, 


r 1 ,180° 

area of polygon = -. 2 r tan — - . r sq. units 

. 180° 

= 7- X 71 tan -sq. units 

71 

area of polygon = Zs. A OB X 7 i 

and =^\^.OA .OB sin AOB 

= i . A" sin 

^ >97 


(B) 


area of polygon 


h . sin — - X 71 sq. units 

71 

TV, • 360° 

= X - sin -— sq. units . 

2 71 


(C) 


Hence rule— 

Tfie fiumber of any square irnit in a regular polygon of n sides is 
obtained by multiplying — 

(A) the square of the 7 iuf 7 ibcr of the correspofidmg Imear U 7 iit in 

a side by - cot -; 

"^4 n 

(B) the square of the 7iumber of the correspondmg Imear unit in 

180° 

the radius of the ifiscribed circle by n tail — -; 

(C) the square of the 7 iu 7 nber of the correspondmg linear^ unit in 

the radius of the cirami scribed circle by - si 7 i ™ - • 

Or briefly— 

( 1 ) Area of polygon of n sides = (side)" x - cot ^ 

leo^ 


180° 


n 


(2) 


X ~ cot - _ 

4 n 

= (radius of inscrbd. circle)" 

^ 180° 

X n tan 


= r" X n tan 


n 

180° 


D 2 
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( 3 ) Area of polygon of n sides = (radius of clrcumd. circle)® 

n . 360° 

^ 2 ““ n 

n . 360° 

= R® X sm ^ - 
2 n 

The following table gives the values correct to four places 

r J • 1 r 1 • T ^ 180° n , 360*^ 

of decimals of the multipliers ~ cot , n tan - , - sin 

'4 n // 2 11 

for some polygons of frequent occurrence :— 


Name of polygon. 

« ^ 180° 

— cot -- 1 

4 « 1 

180° 

1 n tan 

! 

u . 360*' 

- sin — 

2 n 

Pentagon 

' 1*7204 , 

36327 

2-3776 

Hexagon 

2 *S 98 o 1 

3*464^ I 

2-5980 

Heptagon 

3’6339 j 

3 ’ 37 io 

i 27364 

Octagon . 

4*8284 

3-3137 

[ 2-8284 

Nonagon 

6*i8i8 } 

3-2757 

2-8925 

Decagon . 

7*6942 j 

3*2492 

2-9389 

Undecagon 

9*3656 

3*2299 , 

2 - 97 iS 

Dodecagon . 

11*1961 ' 

3*2153 

3 0000 


IliliUSTKATIVE EXAMPLES. 



61 . Example i.—Find the area of 
a regular heptagon whose side measures 
5 ch. 30 Iks. 


Area of reg. \ ^ n 180® , 

heptagon) = "* x - cot - - sq. cli. 


§50. 


where a t=z i:.7, 

, n 180'^ . 

and 4 cot — = 3-6339 ; . 


area= (5-3)® x 3-6339 sq. ch. 

= 102'0762 sq. ch. nearly 
= 10 ac. 2 sq. ch. 762 sq. Iks. nearly 



Example 2.—A regular undecagon is 
inscribed in a circle whose radius is 2 ft. 
6 in.: find the area of the undecagon. 


Areaofreg.U^^«gi„3te° 
undecagonj 2 n 


sq. in. 


50. 


and ~ sin 
2 


where R 
. 360° 

cin ^ 


(2 X 12 -I- 6) = 30, 

2 9735; • • • § 50. 


area = (30)® x 2*9735 sq. in. 

= 2676*1 sq. in. nearly 
= 18 sq, ft. 84*1 sq. in. nearly 
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Example 3.—A regular pentagon is circumscribed about a circle 
whose radius is i ft. 8 in. : find the 
area of the pentagon. 


Areaof 


pentagon/ 


sq. in. § 50. 


where r — j x 12 4- 8 = 20, 

1 180^ 

and n tan - - 3*6327 ; . . § 50. 


area of) 
pentagon /' 


(20)^ X 3*6327 sq. in. 

— 1453 sq. in. nearly 

— lo sq. ft. 13 sq. in. nearly 



Examples—^VIII. A. 

1 . Find the area of a regular pentagon who«ie side measures 5 <-’h. 55 Ihs,, 
and the radius of the inscribed circle is 3 ch. 82 Iks. 

2 . Find the area of a regular hexagon whose side measures 8 in. 

3 . Find the area of a regular hexagon whose side measures 3 ch. 25 Iks. 
(give the result in acres). 

4 . Find the area of a regular hexagon inscribed in a circle whose radius is 

6. Find the area of a regular hexagon described about a circle whose 
radius is 7 ^^3 in. 

6 . Find the area of a regular nonagon whose side measures 10 Iks. 

7 . Find the area of a regular pentagon whose side measures 6 yds. 

8 . Find the cost of carpeting an octagonal floor whose side measures 16 ft., 
at Rs .2 per square yard (^/2 = 1*41421). 

9 . it costs Rs.900 to fence a dodecagonal enclosure at Rs.5 a yard : find 
its area. 


Examples—VIII. B. 

10 . Find the area of a regular hexagon whose side measures half a rasi 
(give the result in biswas). 

11 . Find the area of a regular octagon whose side measures 2 rasi (give the 
result in bighas). 

12 . What must be the side of a regular hexagon in order that it m:jy just 
enclose l bigha ? (give the result in rasi). 

Examination Questions— VTI I. 

A. Punjab University : A/at?’icula(wn. 

1 . An ornamental grass-plot is in the shape of a regular hexagon, each side 
100 ft. ; within the plot and along its sides a footpath is made, 4 ft. wide all 
round : find the area of the grass-plot left within. 

B. Calcutta University: Matriculatioji. 

2 . Calculate lo three decimal places the area of a regular hexagon, each of 
whose sides is equal to 10 ft. 

S. Find the area of a regular octagonal field each of whose sides mea^ures 
5 ch. (give the result in acres, roods, etc.). 

C. Roorkee Engineer: Entrance. 

4 , There is a square room which it is proposed to enlarge by throwing out 
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an octagonal front on one of its sides, so that three sides of the octagon may 
form a bay front; what area of new flooring will be required, the side of the 
square being 20 ft. ? 

5 . A regular decagon is inscribed in a circle, the radius of which is lO in. : 
find the area of the polygon. 

6 . Compare the areas of an equilateral triangle, a square, and a regular 
hexagon of equal perimeter. 

7 . The area of a regular octagon is 51 sq. yds. : find the length o f its si de. 

8 . The radius of the circumscribed circle of a pentagon is^^^ 322 ? ft,^ 
where tt = 3'1410 ; find the length of the side, and the area of the pentagon. 

D. J^oorkee Engineer: Final. 

9 . Find the side of a regular octagon inscribed in a square, the area of 
which is 6 + 4\'^2 sq. ft. 

10 . Find the area of a regular heptagon whose side is 45 ft. 

11. If a regular hexagon, a square, and an equilateral triangle be inscribed 
in a circle of 12 ft. diameter, show that the square described upon the side of 
the triangle is equal to the sum of the squares described upon one side of each 
of the other two figures. 

12 . The side of a regular pentagon inscribed in a circle is i ft.; find the 
radius of the circle. 

13 . Deduce a formula for the area of a regular polygon in terms of the 
number and length of its sides, and from this find the area of a regular 
heptagon, the length of each side being 2 ft. 

E. Roorkee Upper Subordinate: Monthly. 

14 . The radius of a circle is i ft. ; find the area of a regular polygon of 
eight sides inscribed in the circle. 

16 . Find the area of a regular octagon inscribed in a square, the side of 
which is iQfJ2. 

16 . A regular dodecagon is inscribed in a circle, of which the radius is 
3 in. : find the area of the jmlygon in feet. 

17 . Find the side of a regular octagon whose area is i ro., and of a regular 
dodecagon whose area is 1000 yds. 

18 . Find the area of a regular hexagon whose perimeter is 3000 ft. 

19 . Find the area of a hexagon, each side being 30 ft. 

20 . Find the area of a regular octagon whose side is 20 ft. 

21 . The radius of a circle is i ft.: find the area of a regular dodecagon 
inscribed in the circle. 

22 . The front of a room 24 ft. wide is to be projected in the form of three 
sides of an octagon : construct the projection. How much will it increase 
the total length of the room in the central line, and how much will it add to 
the area ? 

23 . The area of a regular octagon is 1086’4 ft. : find the length of 
one side. 

24 . Find the areas of a square and a regular hexagon, the perimeter of each 
being 300 ft. 

F. A‘^ditioiml Examination Questions .— V/II. (For Answers, See p. 168.) 

26 . Find the area of a polygon of twenty-five sides inscribed in a circle 
of radius toft. Sin 14^ 24.' = 0*249. (Roorkee Engineer ; Entrance.) 

26 . The radius of a circle is 12 ft. Find the length of the side of a 
polygon of sixteen sides inscribed in it. Calculations to be made to three 
places of decimals. (Punjab University : First Examination in Civil Engi¬ 
neering.) 



CHAPTER IX. 

ON IRREGULAR RECTILINEAL FIGURES, 


52. Consider the irregular rectilineal figure ABCDEFG (Fig. i). 

If we can divide it up into 
such parts that the area of 
each part may be ascertained 
separately, then we shall be 
able to find the area of the 
whole figure by adding together 
the areas of the parts. The 
division into such parts may 
be done by means of base-lines 
(or chain lines) and offsets, 

53. A base-line is a straight 
line drawn from one angular 
point to another, and offsets 
are perpendiculars drawn from 
the other angular points to a base-line. 

One base-line will often suffice, but it is sometimes convenient 
to draw two or more base-lines. 



The figure ABCDEFG 
(Fig. i) may be conveniently 
divided into parts by drawing 
the base-line AD,^ and the off¬ 
sets BN, CH, EK, FL, GM. 
These parts are either triangles 
or trapezoids, and their areas 
may be ascertained if we know 
the lengths of— 

{a) the offsets; 

{b) the segments of the base¬ 
line made by the offsets. 

54. Again, consider the 
irregular rectilineal figure 
ABCDEFG (Fig. 2). 
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This may be conveniently divided into parts by means of 
the base-lines AE and BE,, and the offsets ^Z, FM,, DK^ CEl, 
BN, 

55 , Sometimes it is found convenient to draw base-lines which 



Fig. 3. 


may wholly or partially lie 
outside the figure. 

For example, consider 
the irregular rectilineal 
figure ABCDEF{Y\g, 3). 

If we draw the base¬ 
lines FC and FB^ the area 
of the figure may be re¬ 
garded as the sum of the 
areas of the the 

A ABF, and the AFEG, 
less the area of the A GDC. 

When the perpendicular 
from an angular point upon 
a base-line lies outside the 


figure, it is called an inset. 

Thus we speak of the inset fr(un the base-line FC to the 
angular point B, 



Fig. 4. 

base-lines. 


56 . Again, consider the 
irregular rectilineal figure 
ABCDEF (Fig. 4). 

If we draw the base-lines 
AC, CE, EA, then the area 
of the figure may be regarded 
as equal to the area of the 
A A CE, less the sum of the 
areas of the triangles ABC, 
CDE, and EAF, 

This method practically 
amounts to— 

(i) Finding the area of 
the figure bounded by the 


(2) Adding the areas of those figures which lie outside the 
figure bounded by the base-lines. 

(3) Subtracting the areas of those figures which Se mside the 
figure bounded by the base-lines. 
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57 . Example i .—ABCDE is a five-sided rectilineal figure ; Bb^ 
Cc, EZe are perpendiculars from B^ E on AD respectively. 


E 



It is given that AD — i6 ft. 

Ee = 4*2 ft. 

Bb = 6*1 ft. 

Ab = 4*6 ft. 

Ac = 12 ft. 

Cc - 6 ft. 

Find the area. 

Because be = Ac — Ab 

be = (i2 - 4*6) ft. = 7'4 ft. 
and because cD = AD — Ac 

cD — (i6 — 12) ft. = 4 ft. 

Area of figure ABCDE ~ area of I\AED -f area of /^ABb 
4- area of A + area of trapezoid BCcb. 


Area of A AIED — \ y, AD y, Ee .§ 20. 

= I X 16 X 4*2 sq. ft. 

= 33’6 sq. ft. 

area of A ABb = i x Ab x Bb .....§ 20. 
= I X 4*6 X 6*1 sq. ft. 

= 14*03 sq. ft. 

area of A CDc ~ x cD y Cc .§ 2o. 

= i X 4 X 6 sq. ft. 

= 12 sq. ft. 

area of trapezoid ^ ybc y {Bb Cc) . . . . § 39. 

= I X 7’4 X 12*1 sq. ft. 

= 4477 sq. ft. 


.% area of figure ABCDE = (33*6 + 14*03 + 12 -f 44 * 77 ) sq. ft 
= 104*4 sq. ft. 
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Example 2.—Find in acres 



the area of the figure ABCDEF^ 
having given— 

FD 2400 Iks. 

FB 2050 „ 

BD 1900 „ 

Bb 1350 „ 

Aa 600 „ 

Cc 300 „ 

Ee 550 

Area of ABCDEF — area 
of P^FBD + area of PE FAB 4 * 
area of A BCD + area of A FDE, 

= J X 2400 X 1350 sq. Iks, 
= 1,620,000 sq. Iks. 

area of A FAB = } x FB x Aa .§ 20. 

= I X 2050 X 600 sq. Iks. 

= 615,000 sq. Iks. 

area of A BCD = ^ x BD x Cc .§ 20. 

= I X 1900 X 300 sq. Iks. 

= 285,000 sq. Iks. 

area of A FDE = J a FD x Ee .§ 20. 

= I X 2400 X 550 sq. Iks. 

= 660,000 sq. Iks. 

area of figure = (1,620,000 + 615,000 + 285,000 + 660,000) sq. Iks. 
^ 3,180,000 sq. Iks. 

= 31-8 ac. 

Example 3.—Find in square yards, square feet, and square inches 

the area of the rectilineal figure 
ABCDEF, having given— 

AC = in. 

CE = 142 „ 

= 139 „ 

= 24 „ 



Dd = 

f: 


H 

20 

114 


Area of figure ABCDEF — 
area of A ^ +area of A ^ 

— area of A CDE — area of 

Peeaf, 

= |x 160 X n4sq.in. 
= 9120 sq. in. 

area of ^ ABC ^ \ x AC x Bb .§ 20. 

= I X 160 X 24 sq. in. 

= 1920 sq. in. 
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§ 20 . 


area of A CDE = i x CE x Dd . . 

= I X 142 X 14 sq. in. 
= 994 sq. in. 

area of A E.A Z' = i x EA x Ff . . 

= 2 ^ ^39 ^ 20 sq. in. 


.’. area of figure 


1390 sq. in. 

= (9120 + 1920 ~ 994 - 1390) sq. in. 
= (11,040 - 2384) sq. in. 

— 8656 sq. in. 

= 6 sq. yds. 6 sq. ft. 16 sq. in. 


Example 4.— ABCD is a quadrilateral in which AB =51 ft,, BC 
= 52 ft., CD = 90 ft., the perpendicular AE from A on DC is 28 ft.^ 
and it divides DC into two equal parts ; find the area of ABCD 

Area of ABCD = area of A A CD + area o n 

of ABC 

ow, area 1 1 4 r^' 7'i r /■ 

= . . .§20. A /. 

= X 28 X 90 sq. ft. \\ / j 

= 1260 sq.ft. ^ / ; 

^ " 3 * ' \ / * 

where /? = 51, '\ / oa- \ 

- 52,.. E 

^ = V( 45 )' + (28)2 = 53 . . § 16. \ ^ 

A = 78 \ ■ 

"AABc} ~ X 27 X 26 X 25 sq. ft. \ I 


V ^78 X 27 X 26 X 25 sq. ft. 

^2^ X 132 X 3^ X 52 X 32 sq. ft. 


= ^2^ X 132 X 32 X 52 X 32 sq. ft. \ ; 

= 1170 sq. ft. \ I 

.’. area of ABCD ~ (1260 + 1170) sq. ft. \ 

~ 2430 sq. ft. ‘^0 

Example 5.— ABCDE is a five-sided figure, and the angles at 
C, and D are right angles. If AB = 15 _ 

ft., BC = 30 ft., CD = 22 ft., and DE = ^ 

6 ft, find the area of the figure and the H 22 ; 

length of EA, Ir ; 

Through A draw parallel to BC^ Ev G I 

and through E draw EG parallel to DF, \ ; 

DEGF + SLTGa, of AGE \ ! 

^AB X BC + DE X EG’\‘ \ » 

^xEGxAG §§8,21. \ ; 

= 15 A 30 sq. ft. + 6 7 sq. ft \ : 

4 -| X 7 X 24 sq. ft. \ ; 

= (450 + 42 + 84) sq. ft. M_ L 

= 576 sq. ft A. /S' .o 
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Again— 

EA == GA^ .§ i6. 

= ^( 7 j^ +C 24 ) 2 ft. 

= 25 ft. 

Examples—IX. A. 

1. Find the area in acres of the quadrilateral A BCD, having given AC = 
6000 Iks., and the perpendiculars from B and D on AC 4800 Iks. and 1800 Iks. 

2 . ABODE is a five-sided figure, in which AD measures 12 ft., AC ii ft. 
6 in., the perpendiculars from C and E on AD 6 ft. and 2 ft. 6 in. respectively, 
and the perpendicular from on 2 ft. 9 in. : find the area. 

3. Find the area in square inches of a five-sided figure ABODE, in which 
AC niea.sures 16 in., AD 14^ in., the perpendicular from B on AC 6 in., the 
perpendicular from D on ACS in., and the perpendicular from E on AD 4] in. 

4. In the five-sided ABODE the angle at is a right angle, CE 

measures 24 ft., AB 6*5 ft., AE 4*4 ft., the perpendicular from B on CE 
4*8 ft., the perpendicular from D on CE 2*3 ft. : find the area. 

6. In the five-sided figure ABODE the angle at ^ is a right angle, and 
D£ is parallel to AB ; also A? measures 1600 Iks., BD 1060 Iks,, DE 900 
Iks., EA 770 Iks., and the perpendicular from C on j 5Z?430 Iks. ; find the area. 


Examples—IX. B. 

6. How many highas are there in the quadrilateral A BCD, if AC measures 
5*6 rasi, and if the perpendiculars from B and D on AC nieaMire 3*4 and 3*8 
rasi respectively ? 

7 . Find the area in bighas and biswas of a five-sided figure A BCDEj in 
which AD measures 4*8 rasi, AC 3*8 rasi, the perpendiculars from C and E on 
AD I 4 and 19 rasi respectively, and the perpendicular from B on AC 2 rasi. 

8. In the five-sided ABODE the angles at A and D are right angles ; 

and AB = 7*4 rasi, CD = 6 rasi, DE = 3 rasi, EA = 4’6 rasi, and the 
perpendicular from Con E^B = 2*4 rasi ; find the area of the figure in bighas. 

Examination Questions—^IX. 

A. Allahabad Urjiifcrsiiy: Matriculation. 

1 . Make a rough sketch, and find the area of a field A BCD from tlie fol¬ 
lowing measures taken in links, and find the length of the perpendicular from 
A on CD :— 

BAf, the perpendicular from B on AC, = 400 
DJV, ,, ,, ,, D on AC, ~ 300 

AAf=^oo AM—400 AC—62s 

2 . In a quadrilateral figure A BCD, AB — BC — CD — 60 yds. ; AD = 
80 yds., and the angle DAB is a right angle : find the area of the figure. 

3 . The sides of a five-sided figure ABODE are AB — 25 ft., BC ^ 29 ft., 
CD = 39 ft., DE — 42 ft., and EA = 27 ft. ; also AC — 36 ft., and CE — 45 
ft.: find its area. 

B. Punjab University: Matriculation. 

4 . ABCD is a quadrilateral, in which AB =13 ft., BC — 14 ft., CD = 
24 ft., the perpendicular from A on DC\% 9 ft., and it divides DC into two 
equal parts : find the area of ABCD. 
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C. Roorhee Engineer: Entrance. 

5. ABODE is a five-sided %nre, and the angles at B, T, and D are right 
angles; if AB = 20 ft., BC = 18 ft., CD = 32 ft., and DE = 13 ft., find tiie 
area cf the figure, and the length of AE. 

0 . The sides of a pentagon taken in order are lOO, 130, 197, 133, and 94 
ft., and the two diagonals measured from the intersection of tin.' first and last 
sides are 209 and 193 ft. ; find the area of the figure. 

I). Safidhnrst. 

7 . In the pentagonal field ABODE, the length o( AC is 50 yds., and the 
perpendiculars from B, D, and E upon AC are 10, 20, and 15 yds., the dis¬ 
tances from A oi the feet of the perpendiculars from D and E being 40 and 10 
yds. : find tlie area. 


E. Militia: Literacy. 

8. The length.s of the sides (in yards) of a six-sided field ABCDEE a.xe as 
follows : . //? = 31, BC ~ 130, CD = 38, DE =41, /s/ = 130, FA — 22. 
Given that the angles at A and D are right angles, and that BE is parallel to 
C£, find the area of the field in square yards, 

F. Additional Examination Question. — IX. (For Answers, see p. 168.) 

0 . Whnt is the content of the eight-sided figure ABCDEFGII, the diagonal 
AE being taken as a base, and the perpendiculars drawn from the angular 
points to AE being Bb, 6V, Dd, etc. ; and when the lengths of the perpen¬ 
diculars above the diagonal are Bb — 294, ( c — 142 '5, Dd — 224 ; and those 
below the diagonal are If = 121, Cg — 105*5, Hfi ~ 142 ; and the intercepted 
breadths are Ah = 44*5, hb = 124*25, bgrz 80, gc ~ 41, cd = 130*5, dj 50, 
fE ~ 52*5? (Punjab University: Matriculation.) 



CHAPTER X. 


ON THE FIELD-BOOK, 

58. The area of a field can be ascertained by means of base-lines 
and offsets, when its boundary may be regarded as a rectilineal 
figure. 

59. Distances along the base-lines and offsets are measured 
with an instrument which is called GiinteFs chain. This chain is 
2 2 yds. long, and consists of loo links. 

60. The surveyor enters the record of these measurements in 
his Field-book, 

Each page of the field-book is divided into three columns. 
The central column contains the measurements made along the 
baselines; the side columns contain the measurements made 
along the offsets. 

The ends of a base-line are called stations, 

61. The surveyor begins his entries at the bottom of the 
central column, and writes upwards. 

The first entry tells the direction of the first base-line. The 
second entry tells the distance along this base-line from the first 
station to the first offset. The third entry tells the length of this 
offset, and appears in the right- or left-hand column, according as 
the offset springs to the right or left of the base-line. The fourth 
entry tells the distance along the base-line from the first station to 
the second offset. The fifth entry tells the length of this offset. 
And so on until he reaches the end of the first base-line, which is 
called the “ second station.” 

If a single base-line has been used in surveying the field, no 
further measurements will be required. If two or more base-lines 
have been used, the surveyor will proceed along the second base¬ 
line from the second station to the third station in the same way 
as he proceeded along the first base-line from the first station to 
the second station; and similarly with the remaining base-lines, 
until he returns to the first station. 

The stations are often indicated in the field-book thus: 
Q A, Q Fj Q Cf , . . ; or thus: (T), Q, Q, . . . 
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'Fhe direction of a base-line may be indicated in different 
ways. For example— 

“ From O A go N. to O ^ ” indicates that the base-line goes 
from the first station to the second station in a northerly direction. 

From go S.W. to indicates that the base-line goes 
from the first station to the second station in a south-w^esterly 
direction. 

“ From range E. 30'' S. to ” indicates that the base-line 
goes from the second station to the third station in a direction 
which makes an angle of 30° with the easterly direction, reckoned 
towards the south (see fig.). 


N 



S 


“ From O B turn left ” indicates that on reaching the second 
station the surveyor turns to the left (not necessarily at right 
angles), in order to proceed from the first to the second base-line. 

When the figure o appears in a side column, it indicates 
that the corresponding point on the boundary of the field is at no 
distance from the base-line; in other words, that at this point the 
base-line meets the boundary. 

62 . As an illustration, consider the following notes taken 
_ from a field-book. 

Liaks. Beginning at the bottom of 

- the central column and reading 

! G ^ upwards, we learn— 

o 350 (i) That the base-line starts 

180 75 ^ at and runs due east. 

D 60 80 (2) That if we measure off 

From 0 A range E. 80 Iks. from A along this base¬ 
line, and then 60 Iks. to our left 
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in a direction at right angles to the base-line, we shall arrive at 
the point Z>, which is an angular point of the boundary. 

(3) That if we measure off 180 Iks. from A along the base¬ 
line, and then 75 Iks, to our right in a direction at right angles to 
the base-line, we shall arrive at the point C, which is another 
angular point of the boundary. 

(4) That if we measure off 350 Iks. from A along the base¬ 
line, we shall arrive at the point which is the second station. 

Thus the opposite plan 
may be taken to represent the 
field indicated by these notes, 
g where yfjP represents 80 Iks, 

„ AQ „ 180 „ 

AB „ 350 „ 

„ EB „ f'o „ 

u 1 s 

Again, consider the following notes, taken from a held-book, 
and the plan of the field to which they refer :— 




Links. t 
To 0 A ; 

o 330 I 

1/12 240 

From O C turn left 

To 0 C \ 

640 i o 

434 I 53 Cr 

O 328 I 

E 30 268 I 

From O B ! range W. 

-. 60° S. 

To 0 B : 

465 ! •3 

310 I 62 B 
From A range N. 

Three base-lines are here indicated, and their directions and 
lengths are given. Hence they can be drawn first. 

The offsets from each base-line can then be drawn as in 
§ 62. 

To find the area of the figure, use the method explained in 

§ 
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Examinatioxx Questions—X. 

The beginner is advised to work out these questions in the following order : 
7, 8, 4, 12, I, 2, 3, 6, 5 , 9, 10, II. 

A. Allahabad University: Matriculation, 

1. Make a sketch of a field from the accompanying notes, and work out it; 
area. 


o 

//20 
G 30 


o 

E 12 
D 10 


Links. 


0 ^ 

500 

320 

140 

o 

0 

Turn to 


Q>c 

400 

180 

o 

From 0 B 


0 B 
300 
200 
90 
o 

From 0 A\ 


o 

the right 


o 

20 F 
o 

go N.E. 


o 

go N.W. 


2 . Plan a 
and poles :— 


field from the following notes, and find its area in acres, roods, 


Links. 


0^ 


409 1 


60 


30 

0 // 

20 

10 G 

0 C 

0 

Turn to 

the left 

0 C 


169 

0 

30 

2<» F 

OB 

0 

Turn to 

the left 

OB 


.Sio 

0 

160 

! 30 E 

50 

10 D 

0 

0 

From 0 A 

go east 
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3 . Plan a field from the following notes, and find its area in acres, roods, 
and poles;— 


^175 


Links. 


O A 
500 
380 
O C 
Turn to 


0 C 
500 
220 

Turn to 


Q)B 

800 

E 100 I 650 

D 200 1 400 

0 ^ 

B. Punjab University : Alairiculation. 

4 . Sketch plan, and calculate the area of a field ABEGFDC from the fol* 
lowing notes:— 


25 G 
the right 


the right 



1 Yards. 

1 To 0 C 
204 


To ^$4 

198 1 



1 122 

10 to £ 

To jD 64 

II 7 


To C 14 

88 



63 

From 0 A 

70 to B 


C. Calcutta University: Matriculation. 

5 . Draw a rough sketch of the field ABC, and calculate its area. 



the left 


the left 


o 

20 

15 

0 A and go S.W. 
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D. European Schools: Final, United Provinces. 

6 Draw a plan of the field fro m the follow ing notes, and find its area : 


To 0 D 

750 

630 

300 

OP 

Turn to 


the light 


200 

iFrom 0 ^ 


250 to C 
go west 


7 . From the accompanying notes (measurements in links) draw a plan of 

tlic field, and find its area. ^ ^ ^ 

600 I 

400 120 to C 

To E too 360 I 

250 I 140 to B 
To F 160 200 i 

From 0 A \ 

8 . From the following notes in a field-book, draw a plan of the field, and 
find its area, the measurements being in links :— 

50 To 0 i 

300 o 

240 50 

160 o 

60 100 

80 i 50 
o o 40 

From 0 A ! 

9 . Find the plan and area of a field from the accompanj ing field notes. 


Links. 

We 

450 

D 60 300 

200 o C 
160 40 y> 

O A o 

Tu rn to the left 

■ O'a 

481 o 

415 30 e 

360 40 P 

N o 320 

M 60 240 

L 30 180 

K so 150 

o 0 


Turn to 

the left 



589 

0 

450 

86 G 

130 

70 F 


0 
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10 . Make a rough sketch of the field ABC^ and calculate its area from the 
accompanying field-book ; the chain lines are all within the field. 



Links. 

10 

250 0 A 

50 

200 

0 

0 

QC 

0 

390 © C 

40 

200 

30 

100 

10 

! 

0 

\ GB 

0 ! 

560 0 z> 

30 i 

100 

0 i 

! 

0 

N. 52*^ VV. 
GA 


11 . From the following notes draw a plan of the field, and find its area :— 

I Links. 

j (DA 

o : 8i8 

40 I 120 

o 60 20 

i 40 O 

\ OC o 

i I'urn to the left 

OC 

338 O 

60 40 

OB o 

! Turn to the left 

! (DB 

1020 O 

! 320 60 

I 100 20 

o o 

! From (D A go east 

12 . Draw a plan, and find the area of a field from the following notes 

Links. 

To o C 

1020 

To F470 990 

610 50 to £ 

To Z? 320 585 

To C 70 440 

315 350 to B 

From O A 
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ON SIMILAR FIGURES: THEIR LENGTHS. 

63. Figures are said to be similar when they are of the same 
shape, though they need not be of the same size. Thus tlie 
A A BC is similar to the A DBF. 



All squares are similar to one another, and so are all 
circles. 

The plan of a field is similar to the field itself. Any object is 
similar to itself when magnified. 

If a smaller triangle be cut off from a larger triangle by a 
straight line parallel to a side, the smaller triangle is similar to 
the larger triangle. 

64. Similar rectilineal figures are equiangular, and their 
corresponding sides are proportionals. Thus, in the similar 
rectilineal figures ABCDE and FGHKL — 

AB : CD = FG : HK 




65. If any two lines, straight or curved, be drawn in a figure, 
and if the two corresponding lines be drawn in a similar figure, 
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rectilineal or curvilinear, these four lines will be proportionals. 
Thus in the two circles ABCD and EFGH — 

Arc ABC : arc EFG = AD : EH 



Also— 

Circumference ADCB : diameter AD = circumference EHGF 

: diameter EH 

PROPOSITION XIII. 

66. Having given one of the sides of a rectilineal figure^ find the 
remaining sides, zvhen all the sides of a sunilar rectilineal figure are 
given. 

Let ABODE and FGHKL be two similar rectilineal figures. 
Let the side AB of the figure ABODE measure a of any 


D 



linear unit. Let the corresponding side FG and the other sides 
GH, HK, KL, LF of the figure FGHKL measure /, q, r, s, t of 
any linear unit respectively. 

It is required to find the remaining sides of the figure ABODE 
in terms of a, /, q, r, s, t. 

Since BC corresponds to GH, and AB corresponds to FG — 
BC'> AB ^ GHi FG .... % 6^. 

that is— 

BC ’. a == q \ p 
Similarly, we see that— 

CD : a r * p 
DE '. a ^ s '. p 
EA : a ^ 11 p 
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Hence rule— 

Any side of a rectilineal figure is found by taking its ratio to a 
known side of the figure^ and equating it to the ratio of the corrc- 
spondwg sides of a smilar figure. 

Or briefly— 

Any side of first figure : known side of first figure = 
ratio of corresponding sides of second figure. 

Any side of first figure : a = q : p 

where f corresponds to a. 

Note .—The same linear unit must be used in expressing the 
measures of all the sides of the same figure. 


ILIitTSTRATIVE EXAMPLES. 

67 . Example i.—The sides of a triangle measure n, 15, and 23 
ft. respectively. The side 
of II ft. corresponds to a 
side of 7 yds. in a similar 
triangle : find the remaining 
sides of this triangle. 

where a = 

q - 15, . I'yds 

p = U ; 



one remaining side : 7 yds. 


one remaining side = 7 yds. X {f 


The other remaining side : 7 yds. 

the other remaining side 


= 9i\ y«is. 

- 23 : II 
= 7 yds. X \ 

= W yds. 

= I4/t yds. 


Example 2.—In a A ABC, AB — \\ Iks., BC ~ 23 Iks., CA 


17 Iks. From a point D in the side AB 
a straight line is drawm parallel to BC so 
as to meet AC \vi E. If = 10 Iks., 
find AE. 

The triangles ADE and ABC are 
similar.§ 63. 

.'. A£:AD=^AC:AB. . §64. 

But AD ~ 10 Iks. 

AC == 17 Iks. 

AB = 14 Iks. 

AE : 10 Iks. = 17 Iks. : 14 Iks. 

AE ~ 10 Iks. X 
= ^ Iks. 

= I2f Iks. 



B 
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Example 3—I'o find the breadth 

D 




of an impassable river. 

At a point A on the near 
bank of the river, which is 
directly opposite an object E on 
the far bank, draw a straight 
line AS at right angles to AE. 

Produce AB to C‘, so that 
BC = AB. 

At C draw CD at right 
angles to AC. 

Produce EB to meet CD in 
D. 


Then triangles ABE, BCD arc equal in all respects Eiic. T. 26. 


/. CD = AE 


But CD can be measured without crossing the river. 
Thus AE can be found without crossing the river. 


Example 4.—The sides of a right-angled triangle measure 28, 45, 
and 53 in. respectively : find the length of the perpendicular from the 
right angle upon the hypotenuse. 

Let ABC be the triangle, and let CD be the perpendicular from 
the right angle upon the hypotenuse. 

Now, the triangles ABC, BCD, and ACD are all similar to one 
another ;.Euc. \T. 8. 



CD 


CD : CA = BCiAB . 
But CA = 28 in. 

= 45 in. 

= 53 in. 

= 45 m. 53 in. 

28 X 45 . 

—in. 

53 

= 23H in. 


BC : 
AB t 
28 in. 

/. CD = 


• § 64. 


Examples—XI. A. 

1 . The base and height of a triangle are 13 in. and 15 in. respectively; 
find the height of a similar triangle whose base is q in. 

2 . The base and height of a triangle are 2 ft. 3 in. and 3 ft. 9 in. 
respectively : find the height of a similar triangle whose base is i yd. 

8. If a man of 5 ft. 10 in. cast a shadow of 3 ft. 2 in., what length of 
sliadow will a man of 5 ft. 6 in. cast at the same time and place? 

4 . If the sides of a right-angled triangle measure 35, 37, and 12 ft. 
respectively, find the length of the perpendicular from the right angle upon 
the hypotenuse. 

6. If the sides of a right-angled triangle measure 9 yds. 2 ft. 2 in., 3 yds. 
I ft., and 10 yds. 10 in. respectively, find the length of the perpendicular from 
the right angle upon the hypotenuse. 

6. A plan of a field is i ft. 8 in. broad : find the width of the field if the 
plan is drawn to a scale of 4 ft. to the mile. 

7 . Two towns on a map appear 1*57 in. apart: find their actual distance 
from one another if the map is drawn to a scale of 170 miles to the inch. 

8 . The length of a country appears to be 37 in. on a map drawn to a scale 
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of 250 mi. to the inch : what length would it appear on another map drawn 
to a scale of 285 mi. to the inch ? 

9 . The length of a lake is 4 mi., and on a map it appears as 075 in. : find 
its width if it appears on the same map as 0*6 in. 

10 . Find the height of a church spire which throws a shadow of 133J ft., 
if an upright stick 4 ft. 6 in. throws a shadow of 3 ft. 4 in. at the same time 
and place. 

11 . From a point Z>, in the side AB of a. triangle ABC^ a straight line is 
drawn parallel to the base BC so as to meet the side AC in B: find the lenglli 
of DE if AB = 14 Iks., BC = 10 Iks., and AE> = g Iks. 

12 . A man, with his eye to the ground, places himself so that he can see 
the top of an upright slick in a line with the top of a tower : find the height of 
the tower if the stick measures 5 ft., and if it is placed at a distance of 9 ft. from 
tl\c man, and 135 yds. from the tower. 


Examples—XI. B. 

13 . The base and height of a triangle are 27 and 19 rasi respectively : find 
the base of a similar triangle whose height is 15 lathas. 

14 . The base and height of a triangle are 3 rasi 12 lathas, 5 rasi 9 lathas 
respectively : find the height of a similar triangle whose base is 7 rasi. 

16 . If the sides of a right-angled triangle are 48, 55, and 73 latha«, find 
the length of the perpendicular from the right angle upon the hypotenuse. 

16 . The perimeter and height of a triangle are 5 rasi, and i rasi 12 lathas 
respectively: find the perimeter of a similar triangle whose height measure? 
2 rasi 6 lathas. 


Examination Questions—XI. 

A. Allahabad l^fdvcrsity : Matriculation, 

1 . Give a practical method, by means of geometry, for ascertaining the 
distance of an inaccessible object A from a given position B. Illustrate your 
meaning by a diagram. 

B. Punjab University: Matriculation. 

2 . The area of a trapezoid is 30 sq. ft., and the two parallel sides are 12 
and 8 ft. respectively : find the perpendicular distance of the longer of the Uvo 
parallels from the point where the two uiiparallels meet when produced. 

C. Punjab University: Middle School. 

8. The hypotenuse of a right-angled triangle is 123 ft., and one side is 
9 yds. : find the length of the perpendicular from the right angle on the 
hypotenuse. 


D. European Schools: Final. United Provinces, 

4 . AB and CD are two poles fixed vertically in the ground. AB = 100 ft., 
and CD = 50 ft. A is joined to D^ and B to C, by strings, which cross at E : 
find the height of E above BD. 

6, The radius of a circle is 20 in. From a point at a distance of 25 in. 
from the centre two tangents are drawn to the circle : find the distance of the 
point from the chord joining the points of contact. 

6. The base of a triangle = a, and the height = h : find the side of a square 
inscribed in the triangle. 
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E. Roorkee Engineer: Entrance. 

7 . A person, wishing to find the height of a church steeple, observes that a 
lamp-post, 14 ft. high, is 48 ft. 9 in. distant from its base, and that from a 
point on the ground ii ft. 3 in. beyond the lamp-post, in the line joining their 
bases, the summits of the steeple and lamp-post are in the same straight line : 
what is the height of the steeple ? 

8 . The section of a canal is 32 ft. wide at the top, 14 ft. wide at the bottom, 
and 8 ft. deep. If the surface of the water be 26 ft. wide, what is its depth ? 

9 . Describe method of finding approximately— 

(1) The breadth of a river. 

(2) The distance between two points, one of which is inaccessible and 

remote. 


F. Roorkee Upper Subordinate: Entrance. 

10 . The parallel sides of a trapezoid arc respectively 16 and 20 ft., and the 
perpendicular distance between them is 5 ft. ; the other two sides are produced 
to meet: find the perpendicular distance of the point of intersection from the 
longer of the two parallel sides. 

11 . The parallel sides of a trapezoid are respectively 8 ft. and 14 ft. ; two 
straight lines are drawn across the figure parallel to them, so that the four are 
equidistant: find the lengths of the straight lines. 

G. Roorkee Engineer: Final. 

12 . The two legs of a right-angled triangle are 12 and l6; required the 
sides of the inscribed rectangle whose area is equal to half the area of the 
triangle. 

13 . The hypotenuse of a right-angled triangle is divided into two segments, 
measuring 30 and 20 ft. respectively, by a perpendicular from the opposite 
angle : find the sides of the triangle, also the area in sejuare feet. 

14 . In any triangle one side a (opposite the greater angle if the triangle be 
obtuse or right-angled) and the perpendicular b to it from the opposite angle, 
are given. Find, in terms of a and b^ the area of the square of which one side 
lies on and the opposite angular points on the other sides of the triangle. 

//. Roorkee Upper Sitbordinaie: Monthly. 

15 . 1 he side slopes of a ditch are 5 to 2 and 7 to 2 respectively, and the 
breadth at the top 22 ft. : find the area of a section, supposing the sides to meet 
at the bottom. 

I. Additional Examination Questions. — XL (For Answers, see p. 168.) 

10 . The breadth of the sheet of water in a tank with sloping sides is 
80 cubits when the water is 6 cubits deep, and 85 cubits when the water is lo 
cubits deep : what is the breadth wdien the water is I2 cubits deep? (Punjab 
University: Matriculation.) 

17 . A pin half an inch long at a certain distance, and a rod 7J ft. long at 
100 yds. distance, subtend the same angle: at what distance is the pin from 
the point of observation ? (Roorkee Upper Subordinate : Entrance.) 



CHAPTER XIL 

ON CIRCLES: THEIR CIRCUMFERENCES AND AREAS. 


68. A circle is a plane figure bounded 
by one line which is called the circu 7 n- 
ferefice, and is such that all straight 
lines drawn from a certain point within 
the figure to the circumference are 
equal to one another. 

This point is called the cenfre of the 
circle. 

A radius of a circle is a straight line 
drawn from the centre to the circum* 
ference. 

A diameter of a circle is a straight 
line drawn through the centre and ter¬ 
minated both ways by the circum¬ 
ference. 

Thus in the circle ABC., BD is a 
radius, and AC z. diameter. 

Coficentric circles are such as have 
the same centre (see fig.). 




PROPOSITION XIV. 


69 . To Jind the circumference of 
diameter. 

Let ABC be a circle. 

Let its diameter AB measure d of 
any linear unit. 

It is required to find the circum¬ 
ference of the circle ABC in terms 
of d. 

Since all circles are similar figures . § 63. 
.\ the circumference of a circle bears a 
constant ratio to its diameter . § 65. 


a circle^ having given its 



The value of this ratio is incom¬ 
mensurable ; that is, it cannot be exactly expressed in figures, but 
it can be expressed with any degree of accuracy that may be 
required. 


E 




98 Elementary Mensuration. 

This ratio is denoted by the Greek letter tt {pi). 

The value of tt, correct to five places of decimals, is 3*14159. 
For practical purposes tt is often taken equal to 
Thus in all circles— 

circumference _ 
diameter 

circumference of circle ABC 

^ ~ TT 

circumference of circle ABC — tt x AB 

= TT X d linear units 

Hence rule— 

The number of any linear unit in the diameter of a circle 
multiplied by tt gives the 7 mmber of the same liftear unit in the 
dramference. 

Or briefly— 

Circumference of a circle = tt x diameter 

C = TT X d . . . (i.) 

hence d = ^. (^^*) 

TT 


ILLUSTRATIVE EXAMPLES. 



70 . Example i.—Find the circumference 
of a circle whose diameter measures 2 yds. 
I ft. 9 in. (tt = ^.) 

Circumference of circle = trd in. . § 69. 
where d — 7 x 124-9 = 93 
and IT = ; 

.’. circumference! ^ • 

of circle )=VX 93 >n. 

= 292! in. 

= 8 yds. o ft. 4f in. 



Example 2.—Find the radius of a circle 
whose circumference measures 100 ch. 
(' = ¥•) 

c 

Diameter of circle = - ch. . § 69. 

ir 

where C = 100, 
and IT = Y ; 

/. diameter of circle = x 100 ch. 
and radius of circle = | diameter 
radius of circle = ^ x 50 ch. 

= iS^ch. 
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Example 3.— How many revolutions will a wheel make in travel¬ 
ling half a mile if its diameter measure 28 in. ? { tt - 


Circumference of wheel = ird in. . § 69. 

where d ~ 28, 
and TT ~ ; 

circumference of wheel x 28 in. 

= 88 in. 

.*. number of revolutions\ half a mile 
in travelling half a mile/ 88 in. 

_ 880 X 3x12 in. 
88in.~” 

= 360 



4.—Assuming that the radius of the earth is 4000 mi., 
find how long it would take a man to travel round the equator at an 
average rate of 10 mi. an hour, (v = 


Length of equator = vd mi. 

where d == 2 x 4000, 
and TT — ; 

length of I 
equator j ^ 

. , . 22 X Sooo , 

required time =-r—- nrs. 


7 X 10 
22 X 8000 


§ 69. 


days 


7 X 10 X 24 
= 104 days 18 hrs. 17I min. 



Example 5.—In turning a two-wheeled carriage once round a ring, 
it was observed that the outer wheel 
made if revolutions for every single 
revolution of the inner one, the wheels 
being 4 ft. 6 in. apart : required the 
circumference of the circle described 
by the outer wheel, the diameter of each 
wheel measuring 3 ft. 

Circumference of outer circle! _ j3 . j 
: circumference of inner circle / ~ ^ ’ 

= 7:4 

Now, if the radius of the inner circle 
measure r ft., the radius of the outer 
circle will measure ir + 4^) ft. 

27 r(r -f 4 j) : 2 irr =7:4.§ 69. 

or 4(r 4- 4j) = 7/' 
or r = 6 

radius of outer circle = (6 4 4J) ft. 

= io| ft." 
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Hence— 

circumference of circle described by outer wheel = 2 x ir x lo^ ft. 

= 2 X X ft. 

= 66 ft. 

Example 6.—The well of a winding staircase is 6 ft. in diameter, 
its height to the top landing is 35 ft., and the handrail makes 3.^ revo¬ 
lutions : find the length, (rr = y-) 


R A 



Consider a rectangle A BCD such that AB measures tt x 6 ft. and 
BC measures (35 3i) ft. — 10 ft. 

If this be bent so as to form a hollow cylinder, the diagonal AC 
will be seen to make a complete revolution round the cylinder. 

Hence, if this cylinder be taken to represent a section of the stair¬ 
case, the line AC will correspond in length and position to the 
handrail. 

Now, according to the question, the handrail makes 3J revolutions, 
the total length of the handrail will equal length of AC x 3^ 

= s/A^_±JiO X 3 j.§ 16. 

= + 100 X 3^ ft. 

= + 100 X 3 | ft. 

- 1^^324 ft- 

= I X 149-412 ... ft. 

- 74-706 ... ft. 




Example 7.—The hands of a clock are 6 in. and 4 in. respectively : 

find the difference between the distances 



traversed by their extremities from li a.m. 
on March 3rd to 9 a.m. on May 5th. (ir = 


Interval from March 3rd 1 
(i I a.m.) to May 5th (9 a.m.)/ 


= 62 days 22 hrs. 
= 1510 hrs. 


Now, in 12 hrs. the hour-hand makes 
one complete revolution ; therefore during 
the given interval, hour-hand makes 
complete revolutions, and minute-hand makes 
1510 complete revolutions. 
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total distance traversed by the'^ 
extremity of the hour-hand 
and by the extremity of the minute-hand 
required difference 


j = 27r X 4 X in. 

27r X 6 X 1510 in. 

27 r X 1510(6 - 1 ) in. 
_ 2 X 22 X 1510 X 17 
7x3 

= 5378476 ... in. 


Example 8.—It takes a man half a minute less to cross a circular 
field by following the diameter than by following the circumference, 
walking 4 mi. an hour: find the circumference of the field. (ir = 

Let the circumference measure x yds. 

Then the diameter will measure - yds. . - . § 69. 

TT 



Now, the man walks 4 x 1760 yds. in 60 min. 



X- 

60 X ar 


2 

” 4 X 1760 X 2 


Z 5 

60 X yxr 


22 

” 4 X ly&o X 22 


But these two times differ by half a minute. 
6ox;r _ 60x7.^ 

“ 4 A 1760 X 2 "" 4 X 1760 x 22 " 

* * 4 X 176 4 X 88 X 22 ^ 

33 .r = 2i.r + 3872 
12a' = 3872 

X = 322§ 

the circumference of the field measures 3223 yds. 



Example 9.—A perfectly flexible rope of 2 a in. in diameter is coiled 
closely upon the deck of a ship, 
and there are n complete coils : 
prove that the length of the rope 
= TT. an{2n -f i) in. 

If the figure be taken to repre¬ 
sent the coil of the rope, then the 
dotted line may be taken to indi¬ 
cate the length of the rope. 

But this is seen to consist of a 
series of semicircles, viz.— 

(1) a semicircle on 2a in. as diam. 

(2) „ „ \a in. „ 

(3) „ » 6 a: in. „ 

{4) )) >j Sa in. 

and so on. 
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j^ence— 

Length of rope = ica in. + v2a in. + in + . + ^2;/. a in, § 69. 
= Tra[i 4* 2 + 3 -p . -f 2n) in. 

“2 ft 

= va . ~ - (2n -f i) in. 

2 

= v.an{2n + i) in. 


PROPOSITION XV. 


71. To find tJic area of a circle^ having given its radius. 
Let ABD be a circle. 



Let its radius CA measure r of any 
linear unit. 

It is required to find the area of the 
circle ABD in terms of r. 

Let AB be one of the sides of a 
regular polygon of 71 sides inscribed in the 
circle ABD. 

From C, the centre of the circle, draw 
CE perpendicular to AB. 

Join CB. 


AB X CE 

Area of polygon = ;/ X -^- 


§ 44 - 


It X AB 


X CE 


2 

— ^(perimeter of polygon) x radius of inscribed 
circle 


But as the number of the sides of the polygon is indefinitely 
increased, the area of the polygon will be ultimately the area of 
the circle ABD^ and the perimeter of the polygon will be the 
circumference of the circle ABD, and the radius of the inscribed 
circle will be the radius of the circle ABD. 

Hence— 

Area of circle ABD = ^(circum. of circle ABD) 

X (radius of circle ABD) 

But circumference of circle ABD = 2Trr linear units . . § 69. 

/. area of circle ABD = J . 27 rr x r sq, units 
= sq. units 

Hence rule— 

The square of the fmmber of any linear unit in the radius of a 
circle multiplied by tt gives the number of the corresponding square 
unit in the area. 
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Or briefly— 

Area of circle = 7r(radius)‘^ 
A = 7rr^ . . 

Hence r = ^ 


72 . If i? and r denote the radii V V / 

the outer and inner circles respectively v / 
which bound a plane circular ring,, it is 

evident that— 

Area of ring = {irR- - trr") sq. units 
= t?{R — j‘^) sq. units 
= tt{R — r){R -f r) sq. units 

IIiLUSTRATIVE EXAMPLES. 

73 . Example i.—Find the area of a circle v. 

whose radius measures 6 ft. 3 in. (tt = ‘RK) ^ 

Area of circle = irr‘^ sq. in.. . § 71. / \ 

where r = 6 x 12 + 3 — 75, / \ 

and IT = ^ ; I 

area of circle = x (75/^ sq. in. \ / 

— sq. in. \ / 

= 17678^ sq. in. y 

= 122 sq, ft. iiof sq. in. 

Example 2.—Find, to the nearest inch, the radius of a circle whose 
area measures i ac. (tt = 

Radius of circle = yds. . § 71. 

where ^ = 4840, / ^<xcr•& \ 

and TT = / 1 

.*. radius of circle = \J yds. \ / 


'4840 X 7 


~ ^1540 yds. \ / 

= 39*242 . . . yds. X. 

— 39 yds. o ft. 9 in, nearly 

Example 3.—A path, 14 ft. wide, surrounds a circular lawn whose 
diameter is 120 yds. : find the area of the ^ 

path. (» = -r.) 

Radius of inner circle = 60 x 3 ft. = 180 ft. // 
radius of outer circle = (180+14) ft. = 194 ft. // \\ 


■ ■pa’th* = »(i94 - i8o)(i 94 + i8o) s^. ft. 

= ^ X 14 X 374 sq. ft. 

= 16,456 sq. ft. 

= 1828 sq. yds. 4 sq. ft. 


■ iZOydsr 







104 


Elementary Mensuration. 


Example 4.—The inner diameter of a circular building is 54 ft., 
and the base of the wall occupies a space of 352 sq. ft. : find the 
thickness of the wall, (tt = 

Let X ft. = the outer radius of the 
building. 

Then the space occupied by the 
base of the wall 

— sq. ft. . . . §7’^- 

= 352 

.i--: = 351i<„7 ^ (27)2 

22 

= 841 
.*. X = 29 

Hence the thickness of the wall 
= 2 ft. 



Example 5.—The area of a circle is 154 sq. in. : find the length of 
the side of the inscribed square, (tt = ^.) 



Radius of circle = 


A . 


in. . . § 71. 


where A — 154, 

IT = ; 


.*. radius of circle = ^ 

= 7 in. 

Now, ABC is an isosceles right-angled 
triangle in which AC = 7 in. 

.■. AB — 7v'2 in.§ 17. 

= 7 X 1-414 ... in. 

— 9*89 . . . in. 

Example 6.—The areas of two concentric circles are 154 sq. in. 
and 308 sq. in. respectively ; find the breadth of the ring. 

Radius of larger circle ~ ^ ^ m. § 71. 

V ^ 



where A = 308, 

•JT = H.? ; 


.‘.radius of larger circle = 


308 X 7 . 


= Vh ^ 7 in. 

= 1 ^2 

Radius of smaller circle = in. § 71, 

where ^ = 154, 
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radius of smaller circle = 


154 X 7 : 




- {yard -- 


N 


p 

Fi 



§ 72- 


V 

= 7 in. 

breadth of ring = (7^/2 - 7) in. = 2*89 ... in. 

Example 7.—If three men buy a grindstone one yard in diameter, 
how many inches of the diameter is 
each man entitled to grind down ? G 

if AGE represent a section of the 
grindstone, then A B will be a diameter. 

Area of circle A GB = ttA sq. in. . §71. 
where r = ^ = iS ; 

.*. area of circle AGB = ir(i8)^sq. in. 
areaof portion ground! j ,^3^2 j 

down by each man \ .i ^ ^ 'i 

area of circle ELF — J7r(i8)2 sq. in. 
z\e. ^TT . EE^ — sq. in. 

EF= V432 in. 

= 20784... in. 

Again, area of inner ring = — EE) = J7r(i8)2 sq. in. 

- 432) = ^(i8)^ sq. in. 

.*. — 864 sq. in. 

CD = V864 in. 

= 29*393 ... in. 
and CE + ED = CD - EF 
.*. CE -f FD = (29*393 ... - 20*784 
= 8*609 in. nearly 

Again — 

AC + DB = AB- CD 

= (36 - 29*393 . . .) in. 

= 6*606 in. nearly 

Hence the men are entitled to grind down 6*606 , 
in., 20*784 ... in. of the diameter respectively. 

Example 8.—Four equal circles are described about the four 
corners of a square so that each touches 
two of the others : find the area of the 
space enclosed between the circum¬ 
ferences of the circles, each side of 
the square measuring 5*8 ft. {it = ^.) 

Since each side of t^^l:=c-8ft 
square / - 5 ^ 

.*. the radius of each ofl 
the circles 

a quadrant of each^ 
of the circles 


. . .) in. 


. in., 8*609 • 


I =2-9 ft. 


/= 


= | x 7 rX (2*9)2 

sq. ft. §71. 

Now, the area of the enclosed space 
S = area of square — 4 x area of a 
quadrant of any one of the circles 
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— (5*8)2 ft, — V X (2*9)2 sq. ft. i g, 

= 33*64 sq. ft. - 26*43 + sq. ft. 

= 7*2 sq. It. nearly 

Examples—^XII. 

Circumferences. 

(^ = 9.) 

Find the circumferences of the circles having the following diameters :— 

1. 21 in. 

2. 18 yds. 2 ft. 

3 . 17 yds. 2 ft. 8 in. 

4 . 23 ch. 52 Iks. 

Find the diameters of the circles having the following circumferences ;— 

6. 88 in. 

6. 14 yds. 2 ft. 

7 . 68 yds. I ft. 4 in. 

8. 464 ch. 42 Iks. 

9 . The wheel of a locomotive has a diameter of 30 in. : how far must it 
travel to make 2100 revolutions? 

10 . Find the cost of fencing a circular grass-plot of radius 56 ft., at the rate 
of 12 annas a yard. 

11 . What is the length of the side of a square whose perimeter is equal to 
the circumference of a circle 42 in. in diameter ? 

12 . At what rate must a bicycle travel in order that its driving wheel, of 
28 in. diameter, may make 540 revolutions every 5 min. ? 

13 . Find the thickness of a circular ring, if the inner and outer circum¬ 
ferences measure 4 in. and 5 in. respectively. 

14 . If we assume that the earth descril>es a circle round the sun, and that 
the earth is distant 95,000,000 mi. from the sun, find the distance traversed by 
the earth in half a year. 

16 . The diameter of one wheel of a bicycle is 2 in. greater than the 
diameter of the other wheel, and the first wheel is found to make 48 revolu¬ 
tions less than the other wheel in covering a distance of one mile : find the 
diameter of each wheel. 

16 . The hands of a clock are 4 in. and 3 in. respectively : find the differ¬ 
ence between the cfistances traversed by their extremities in 2 days 6 hours. 

17 . The gauge of a circular railway is 5 ft. 6.in., and the outer wheels are 
each found to make 10,000 revolutions while each of the inner wheels are 
making 9998 revolutions : find the radius of the circle described by the inner 
wheels. 


Areas. 

(ir = f.) 

Find the areas of the circles having the following radii :— 
18 . 14 yds. 
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Find the radii of the circles having the following areas :— 

26 . 154 sq. yds. 

27 . 462 sq. in. 

28 . 10 sq. ft. 100 sq. in. 

20. 0*154 sq. ch. 

30 . The rent of a circular field is Rs.4620, at the rate of Rs.150 per acre : 
how many chains are there in the diameter? 

31 . A circular piece of metal, whose radius ruea.sures i ft. 9 in., costs 
Ks.77 : how much is this per square inch? 

32 . Find the cost of turfing a circular lawn whose diameter measures 49 ft., 
at 12 annas per square yard. 

33 . Find the rent of a circular field whose diameter measures 840 yds., at 
Ks.15 an acre. 

34 . The radius of a circle is 18 ft. : find the radius of another circle whose 
area is one-third of the area of this circle. 

35 . Find the area of a circle whose circumference measures one mile. 

36 . Find to the nearest anna the cost of surrounding a circular grass-plot 
with a path of a uniform width of 4 ft., at the rate of 6 anna.s per square yard, 
if the diameter of the grass-plot is 42 ft. 

37 . The radii of the inner and outer circles of a ring are 24 and 25 ft. 
respectively : find its area. 

38 . The radius of the outer circle of a ring is 21 in. : find the radius of the 
inner circle if the area of the ring measure 26 sq. in. 

39 . Find the crcumference of a circle whose area measures one acre. 

40 . Find the radius of a circle whose area is the same as tliat of a rectangle 
measuring 132 ft. by 64 ft. 

41 . Find the side of a square whose area is the same as that of a circle of 
radius 7 ft. 

42 . The side of a square is 42 in. : find the area of tlie space between the 
square and the inscribed circle. 

43 . Find the length of roj^e by which a horse must be tethered in order 
that he may be allowed to graze over 2200 sq. yards. 

44 . The circumference of a circle is equal to the perimeter of an equilateral 
triangle : compare their areas. 

46 . The area of a circle is equal lo the area of a scpiare : compare their 
perimeters. 


Examination Questions—XII. 

(Take tt = unless otherwise stated.) 

A. Allahabad University: Matriculation, 

1 . Assuming the circumference of a circle to be 37 times the diameter, find 
the circumference of the circle whose area is 1386 sq. ft. 

2 . A circular grass-plot 40 ft. in radius is surrounded by a ring of gravel: 
find the width of the gravel so that the area of the grass and gravel may be 
equal. 

B. Punjab University: Matriculation. 

3 . Find the area of the ring, the outer and inner radii of which are 3 yils. 
and 5 ft. respectively, by a method other than that of subtracting the area of 
one circle from that of the other. 

4 . Find in yards correct to three places of decimals, the radius of a circle 
which encloses an acre. 
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6 . Find the expense of paving a circular court 8o ft. in diameter, at 
3J. Otd, per square foot, leaving in the centre a space for a fountain in the shape 
of a hexagon, each side of which is i yd. (ir = 3*1416.) 

6. The area of a rectangular field is three-fifths of an acre, and its length 
is double its breadth : determine the lengths of its sides approximately 

If a pony is tethered to the middle point of one of the longer sides, 
find the length of the tether in yards, correct to two places of decimals, in order 
that he may graze over half the field, (tt = 3*1416.) 

C. Punjab University: Aliddle School, 

7 . The area of a circle is 385 ac. : find its circumference. 

8. The radii of two circles are 6 and 8 ft. respectively : find the radius of a 
circle whose area is equal to the sum of the areas of the two circles. 

9 . Assuming that the circumference of a circle is 3*1416 times the diameter, 
determine, as far as four decimal places, the radius of the circle of which the 
circumference is 2 fur. and 60 yds. 

10 . The radius of the outer circle of a ring is 342 ft., and the radius of the 
inner circle is half of that : find the area of the ring. 

11 . The area of a circle is 50 sq. yds. : find the radius. 

12 . A road runs round a circular grass-plot; the outer circumference is 
500 yds., and the inner circumference is 300 yds. ; find the area of the road. 

D. Calcutta University: Alatriculation. 

13 . The circumference of a circle is 100 ft. : find the length of the side of 
the inscribed square. The ratio of the circumference to the diameter is 3*14159 : i. 
(Answer to be correct to two decimal places.) 

14 . A two-wheeled carriage, whose axle-tree is 4 ft. long, is driven round 
a circle ; the outer wheel makes one and a half revolutions for every single 
revolution of the inner one ; the wheels are each 3 ft. high : what is the cir¬ 
cumference of the circle described by the outer wheel ? 

15 . A man, by walking diametrically, across a circular grass-plot, finds 
that it has taken him 45 sec. less than if he had kept to the path round the 
outside : if he walks 80 yds. a minute, w*hat is the diameter of the grass-plot ? 

E. European Schools: Phial. United Provinces. 

16 . The radius of a circle is 4V^2 ft. : find the difference in area between 
the .square inscribed in the circle and the circle inscribed in the square. 

1y. a regular hexagon is inscribed in a circle of radius i ft. : compare the 
areas of the hexagon and the circle. 

F. Madras Technical: Intermediate, 

18 . The difference between the circumference and diameter of a circle is 
60 ft. ; find the radius. 

G. Poorkee Engineer': Entrance, 

19 . A circular grass-plot is surrounded by a ring of gravel b feet wide : if 
the radius of the circle, including the ring, be a feet, find the relation between 
a and b so that the areas of grass and gravel may be equal. 

20 . A garden in the shape of a trapezoid, whose parallel sides are 1000 and 
900 yds., and the length 800 yds., has an elliptical pond in its centre, whose 
diameters are 300 and 400 yds. respectively: how many square poles are 
available for cultivation ? {Hate. —Area of ellipse := v . ad, where a and b are 
the semi-diameters.) (x = 3*1416.) 

21 . A circular grass-plot, whose diameter is 40 yds., contains a gravel 
walk I yd, wide, running roimd it one yard from the edge : find what it will 
cost to turf the grass-plot at ^d. per square yard. 
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22 . A wire cable is formed of six wires twisted round a central one, the 
diameter of each being one-eighth of an inch ; the central wire is straight, and 
the others make one turn in 8 in. : find the length of wire required to make a 
yard of cable. 

23 . A perfectly flexible rope of 2S in. diameter is coiled closely upon the 
deck of a ship, and there are 24 complete coils : what is the length of the rope ? 

24 . The circumferences of two concentric circles are 62 832 and 
37*6992 ft. : find the area between the circles, (tt = 3*1416.) 

26 . What will be the expense of paving a circular court of 30 ft. diameter, 
at 2r. id. per square foot, leaving in the centre a hexagonal space of 3^ ft. side 

28 . Two men, A and B, purchase a grindstone i yd. in diameter foi 
Ks. 15, of which the first pays Rs.8, and the other Rs.y: now, supposing 
the axle-hole to be I ft. in diameter, how many inches of the radius may A 
grind down before sending it to B ? 

27. Prove the following statement: The area of the space between two 
concentric circles is equal to the area of a circle which has for its diameter a 
chord of the outer circle which touches the inner circle. 

28 . In turning a chaise once round a ring, it was observed that the outer 
wheel made 13J revolutions while the inner made ir, the wheels being 4 ft. 
10^ in. asunder : required the diameter of the wheels, and of the circle made 
by the inner wheel. 

29 . The end of a room is 27 ft. wide and 18 ft. high, and has a circular 
window 9 ft. diameter, centre 8 ft. from floor, in it: find the length of paper, 
iS in. broad, that it will take to cover it. 

30 . Supposing the earth were spherical, and that its circumference measured 
25,000 miles, the distance from Saharunpore to Agra being about 200 mi., find 
how high vertically a man must ascend at one of these places in order to see 
the other. (ir = 3*1416.) 

H. Roorkee Upper Subordinate: Rntranee. 

31 . A circular grass-plot, whose diameter is 70 yds., contains a gravel 
walk 5 yds. wide round it, 15 yds. from the edge : find what it will cost to turf 
the gra.ss-plot at Rs.2 a square yard. 

32 . Two men, A and B, purchase a grindstone 30 in. in diameter for 
Rs.12, of which A pays Rs.7, and BRs.5 : now, supposing the innermost 
10 in. of the diameter as useless, how many inches of the radius may A grind 
down before sending the grindstone to B? 

33 . A road runs round a circular shrubbery ; the outer circumference is 
500 ft., and the inner circumference is 420 ft. : find the area of the road, 

34 . What is the area of the largest circle that can be inscribed in a square 
‘whose area is 5,499,025 sq. ft. ? Give also the length of its circumference. 

36 . Find the area of a gravel path, 4 ft, wide, round a circular plot 
whose diameter is 55 yds. 

30 . The well of a winding staircase is 5 ft. in diameter, its height to the 
top landing is 45 ft., and the handrail makes 3J revolutions: required its 
length. 

37 . In cutting four equal circles, the largest possible, out of a piece of 
cardboard 10 in. square, how many square inches must necessarily be wasted ? 

(7r = 3*1416.) ... • j 1 

88. The inner diameter of a circular building is 68 ft. 10 in,, and the 
thickness of the wall is 22 in. : find how many square feet of ground the base 
of the wall occupies. (ir=: 3*1416) . , > 

39 . If a circle has the same perimeter as a triangle, the circle has the 
greater area : verify this statement in the case where the sides of a triangle are 
9, 10, and 17 ft. 
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40 . A circular pond is to be dug : what must be the length of the cord 
with which the circumference is to be described, so that it shall just occupy 
half an acre ? 


1 . Koorkee Engineer: Final, 

41 . The radius of the inner boundary of a ring is 14 in. ; the area of the 
ling is 100 sq. in. : find the radius of the outer boundary. 

42 . In driving a gig round a circular lawn, it was observed that the wheel 
which was kept close to the grass made only two turns, while the other wheel, 
which was on the gravel, made three : calculate the area of the lawn, the wheels 
being 5 ft. apart on the axle. Answer to be given in square feet, (t = 
3 -I 4159 -) 

43 . A train runs in a circle whose radius is 2 mi. : if the gauge is 5 ft. 6 in., 
and the circuit is made in 40 min., how many miles an hour do the outer wheels 
move faster than the inner ones ? 

44 . The well of a winding staircase is 7 ft. in diameter, its height to the 
top landing is 36 ft., and the handrail makes three revolutions: required its 
length. 

J. Roorkee Upper Subordinate: Monthly. 

46 . A road runs round a circular plot of ground ; the outer circumference 
of the road is 44 yds. longer than the inner : find the breadth of the road. 

46 . A horse is tethered by a chain fastened to a ring which slides on a rod 
bent into the form of a triangle : find the area outside the triangle over which 
he can graze, the sides of the triangle being 30, 40, and 50 ft. respectively, and 
the length of the chain 15 yds. 

47 . If a regular hexagon be inscribed in a circle, of which the circumfer¬ 
ence is 10 ft. : find the area of the space enclosed between them. 

K. Sandhurst. 

48 . Find in feet, to three places of decimals, the radius of a circle the area 
of which is equal to the area of a regular hexagon, the side of which is 2 ft. 
( 7 r= 3*1416.) 

49 . 105 halfpennies lying on a flat surface, with their edges in contact, arc- 
just contained by a frame in the form of an equilateral triangle ; the diameter 
of a halfpenny being 1 in., show that the side of the triangle is (13 + 

and calculate its area approximately. 

60 . Assuming that ir = 3*1416, find the radius and the perimeter of a 
circle, the area of which is 5*309304 sq. ft. 

L. Additional Examination Questions. — XII, (For Answers, see p. i68,) 

61 . Two equal circles of diameter 9 in. touch one another, and from the 
point of contact as centre a third circle of radius 9 in. is drawn : find the 
radius and the area of the circle inscribed in either of the two spaces enclosed 
by the three given circles. (Rooikee Upper Subordinate : Entrance.) 

62 . The times taken by a cyclist going at a steady rate respectively round 
the outer and inner edges of a circular track are as 23 to 22, and the width of 
the track is 15 ft. : find the diameter of the circle forming the inner edge of the 
track. (Roorkee Engineer : Entrance.) 

63 . In a circle of unit radius a regular hexagon is inscribed, and in the 
hexagon another circle; find correct to four decimal places the area of the 
ring enclosed between the two circles. ir = 3*14159. (Punjab University: 
Matriculation.) 

64 . Find to four figures the ratio of the perimeters of a circle and a regular 
hexagon of the same area. ir = 3’14159. (Roorkee Engineer: Entrance.) 



CHAPTER XIII. 


ON CIRCLES: THEIR CHORDS AND ARCS. 


74. A chord of a circle is a straight line joining two points on 
the circumference. 

An arc of a circle is a part of the 
circumference. 

The straight line joining the ex¬ 
tremities of an arc is called the chord of 
/he arc. 

The perpendicular from the middle 
point of an arc upon the chord of the 
arc is called the height of the arc. 

Thus in the circle ABCDE, ED is 
a chord, ABC is an arc, AC is the 
chord of the arc ABC, BE is the height 
of the arc ABC. 



PROPOSITION XVI. 

75. To find the chord of an arc of a circle, havmg given the 
height of the arc and the diameter of the circle. 

Let ABC be an arc of the circle 
ABCD. 

Let BE, the height of the arc, and 
BD, the diameter of the circle, measure 
h and d of the same linear unit respec¬ 
tively. 

It is required to find the chord of 
the arc in terms of h and d. 

The area of the rectangle contained by 
BE and ED = the area of the rect¬ 
angle contained by and EC 

Euc. III. 35. 

But the area of the rectangle contained by BE and ED 
measures h{d — h) of the corresponding square unit . . § 8. 

/* rectangle AE .EC — h{d - h) square units 
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That is — 

square on AE = square units (since AE = EC) 

/. AE — h{d — li) linear units . . . . § 9. 

.. AC = 2^hid- h) 

Hence rule— 

Multiply the tiumber of a?ty linear 7 i?iit in the height of a?i arc by 
the difference between this nmnber and the number of the same linear 
unit in the diameter of the circle; then twice the square root of the 
pi’odiut gives the jiumber of the same linear 7 mit in the chord of the arc. 

Or briefly — 

Height) 

. . (i.) 

. . (ii.) 

. . (iii.) 


Chord of an arc = 2 V height x (diameter — 
2 a = 2Vh(d — h). 


Hence d = h + 


and h = 


d ± f di^ — 4a" 


ILLUSTRATIVE EXAMPLES. 



76 , Example i.—Find the chord of an 
arc whose height is 24 in., in a circle of 
radius 15 in. 

Chord of arc = 2 fh{d — h) in. . § 75. 

where h — 24, 
and // = 30 ; 

chord of arc = 2sj2\ ^ 6 in. 

2 v'i 44 in. 

- 24 in. 



Example 2.—The height of an arc is 
7 in., and its chord is 42 in. : find the dia¬ 
meter of the circle. 


Diameter of circle = 

where A = 7, 
and ^ = 2f ; 

diameter of circle 


lin..§75. 


= 70 in. 


Example 3.—In a circle of diameter 25 in., the chord of an arc is 
20 in. : find its height. 
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Height of arc = -in. § 75. 

where d - 25, 
and ^ = 10 ; 


, , - r 25± v'(25~20)(25-f-20'. 

height of arc = --— -- — in. 
25 ± \/225 , 

= - - - in. 

2 

25 ± 15 . 

— -i in 


= 20 in. or 5 in. 

These two answers obviously refer to the two arcs into which the 
circumference of the circle is divided by the chord. 



PROPOSITION XVIL 

77 . To find the chord of half an arc of a circle^ having given 
the height of the arc and the diameter of 
the circle. 

Let ABC be an arc of the circle 
ABCJD. 

Let BE^ the height of the arc, and 
BD^ the diameter of the circle, measure 
h and d of the same linear unit respec¬ 
tively. 

It is required to find the chord of 
half the arc in terms of h and d. 

Join AB and AD. 

the triangles ABE, ABD are similar 

Eiic. III. 31 and VI. 8. 
r. DB:AB = ABiBE . . . . . . § 64. 

area of square on AB = area of rectangle contained by DB 

and BE . . . Euc. VI. 17. 

But the rectangle contained by DB and BE measures dh of 
the corresponding square unit .§ 3 . 

area of square on AB = dh square units 

.-. AB = f dh linear units . § 9. 

Hence rule— 

Multiply the number of any linear unit in the height of an arc by 
the number of the same linear unit in the diameter of the circle ; then 
the square root of the product gives the number of the same linear 
unit in the chord of half the arc^ 
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Or briefly— 

Chord of half an arc = V diameter of circle x height 


of arc 

b = y^dh.(i.) 

Hence d = —.) 

h 

and h = ^‘.('>••) 

d 


ILLUSTRATIVE EXAMPLES. 



78 . Exa^nple i.—The height of an arc 
is 35 ft., and the diameter of the circle is 14 
ft. : find the chord of half the arc. 

Chord of half the arc ~ yjcfk ft. § 77. 

where d — 14, 
and 

chord of half the arc = a/14. x | ft. 

= V49 ft- 
- 7 ft. 


Example 2.—The height of an arc is 5 in., and the chord of half 
the arc is i ft. 3 in. : find the diameter of 
the circle. 

Diameter of circle = ^ in. . § 77. 



where b = 15, 
and // = 5 ; 


diameter of circle = 


- ^5 X 1 5 


5 


= 45 m. 

= 3 ft. 9 in. 


Example 3.—Find the 



height of an arc of a circle, when the chord 
of half the arc is 3 ch. 57 Iks,, and the 
diameter of the circle is 7 ch. 

Height of arc - ^ ch, . . § 77. 

where b = 3‘57, 
and ^ = 7 ; 

/. height of arc = ch. 

= 0*51 X 3*57 ch. 

= 1*8207 ch. 
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Example 4.—In a circle of radius 65 - 

ft., two parallel chords are drawn on the 

same side of the centre, measuring 126 ft. / 

and 112 ft. respectively : find the distance f \ 

between them. A—_--rrAo 

GE = distance between parallel chords p. 

^ FE - FG I I 

^ ^FD^--E&-jFB^--GH^ § 16. \ / 

= [V(65)'‘‘-(5'632-y^5/-(63pjft. \ / 

= (33 - j 6) ft. \ / 

= 17 ft. - -- ^ 

Example 5.—Assuming that the radius of the earth is 4000 mi., find 
approximately how many feet above the 
earth’s surface a person must ascend in A 

order to just see an object on the earth’s 
surface distant 12 mi. from him. 

A person stationed at B must ascend to A 

A in order that he may just see an object / \ 

placed at Z>. I n \ 

AD^ = AGxAB .Euc. III. 36. | V \ 

= (AB 4- BG) X AB \ j 

Now, AJ) may be taken equal to the \ / 

arc BE = 12 mi., and if h denote the \ y 

number of feet in AB, —will denote the 

5280 ^cr 

number of miles. 

Thus we have — 

f h . . \ .. // 


V 5280 


4- 8000 ^ X 

J 5280 

8000 X h 
5280 


But h is small compared with 5280, therefore — ^ is a small frac- 
l h ^ 

n ; therefore J is a still smaller fraction, and may be 


neglected. 
Hence— 


Th\i6— 


8000 X // . , 

— " — approximately 

approximately 
95*04 approximately 


required height = 95*04 ft. 

Nate .—It is only when h is small compared with 5280 that we can 
I h \ ^ 

neglect the fraction ^ J . 
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PROPOSITION XVIII. 

79 . To find the length of an arc of a circle^ having given the 
rctditis of the circle and the angle subtended by the arc at the centre. 

Let AB be an arc of the circle 

0 ABCD, 

Let OA^ the radius of the circle 
A BCD, measure r of any linear unit. 
Join OB. 

Let A OB) the angle subtended by 
the arc at the centre, measure 

It is required to find the length of 
the arc in terms of r and a. 

Draw OC at right angles to OA. 

In any circle arcs are proportional 
® to the angles which they subtend at the 

centre.Euc. VI. 33. 

in the circle A BCD 

arc AB : arc ABC = A OB : Z_ A OC 
But A OC = 90° 

arc ABC is the fourth part of the circumference 

. „ circumference of circle . ^ ^ r> o 

/. arc AB :-= L A OB : 00 

4 


That is, arc AB : : 90^ 

4 


arc AB 


X 2irr linear units 


Hence rule— 

The length of an arc is obtained by multiplying the circumference 
of the circle by lohere f is the central angle of the arc. 


Or briefly— 

Length of arc 


central angle of arc 
360 ^ 
of circle 


X circumference 


'^ = 360 ^^"^ . 

Hence a = 360 X fc— • • • • - 

27rr 

andr=“5x'-. 

IT a 


(ii.) 

(iii.) 
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ILLUSTRATIVE EXAMPLES. 

80 . Example i.—The radius of a circle is 100 in. : find the length 



Example 3.—The length of an arc of a circle is 11 ch., and it sub¬ 
tends an angle of 3° 20' at the centre : 
find the radius. (ir = ^,) 

Radius of circle = x ~ch. § 79. 


where / = 11, 

a = 3j, 

TT = ^ ; 


radius of 
circle 


180 X 7 X 11x3 


} 22 X 10 

= 189 ch. 


ch. 



nchs 


PROPOSITION XIX. 

81. To find the length of an arc of a circle, having given the 
chord of the arc and the chord of half the arc. 

Rule— 

From eight times the chord of half the ai‘c subtract the chord of 
the arc ; then om-third the remainder will give the length of the arc^ 
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Or briefly— 

^ , 8 X chord of semi-arc — chord of arc 

Arc of circle = — -—-- 

8b — 2a 

The proof of this formula involves a knowledge of the higher 
mathematics, and is for this reason omitted. 

This formula only gives a close approximation to the true 
length of the arc. The error diminishes as the central angle of 
the arc diminishes. When, therefore, the arc has a large central 
angle, it is advisable to find the length of half the arc by means ol 
this formula, and then double the result. 


IliliUSTRATIVE EXAMPLES. 

82 . Example i.—The chord of an arc is 2 ft. 9 in., and the chord 
of half the arc is i ft. 6 in. : find the length 
of the arc. 

f Length of arc = —~ :a. . §81. 

1 where 2a ~ 3^, 

I and If = 18 : 


length of arc 


= M4-33i„. 

3 

= J'JJ- in. 

— 37 in. = 3 ft. I in. 


Example 2.—Find the length of an arc whose chord measures 
96 in., in a circle of radius 60 in. 

Q Let A BCD be the given circle. 

Then we know that— 

^ OA = 60 in, 

AE = 48 in. 

/ \ .-. OE = V (6o)2 - (4 8)- in. . § j6. 

I \ = V12 X 108 in. 

I nO I = 36 in. 

\ j BE = (60 — 36) in. 

\ / = 24 in._ 

\. y AB = v ^( 48)2 + ( 24 )^ 

= 53’^5 . * • in. 

O Now, length of arc ABC = ^ ^ in. § 81 


where b = 53’665 
and = 48 ; 


/, length of arc ABC 


_ 429*3^ . . . 96 


= lino ... in. 




0ft CtTclcs ,* thctv Chovds cifid Atcs, ^ iq 

In working out examples on the chords of circles, it will be found 
advisable to draw a figure in each case and investigate it separately 
rather than trust to remembering the formula?. ' 


Examples- XIII. 

Chords of a Circle. 

(tt = 

1 . The height of an arc is 8 ft., and the diameter of the circle 40 ft. : find 
the chord of the arc. 

2 . The height of an arc is 9 in., and the chord of the arc is 2 ft. 6 in. : 
find the diameter of the circle. 

8. The chord of an arc is 7 ch. 50 Iks., and the diameter of the circle is 
12 ch. 50 Iks. : find the height of the arc. 

4 . The height of an arc is i ft. 9 in., and the diameter of the circle is 

2 yds. I ft. : find the chord of half the arc. ' 

5 . The height of an arc is 7 ch., and the chord of half the arc is 12 ch. 
60 Iks. : find the diameter of the circle. 

6. The chord of an arc is 4 yds. 2 ft., and the height of the arc is i ft, i in. : 
find the chord of half the arc. 

7 . The height of an arc is 3*6 ch., and the chord of half the arc is 8-5 ch. : 
find the chord of the arc. 

8 . The chord of an arc is 4 ch. 40 Iks., and the chord of half the arc is 
2 ch. 21 Iks. : find the height of the arc. 

9 . Prove that- • 



where a denotes half the chord of an arc, /; the chord of half the arc, and d the 
diameter of the circle. 

10 , The chord of an arc is 9 in., and the chord of half the arc is 7J in. : 
find the diameter of the circle. 

11 . The height of an arc is 2 ft. 3 in., and the chord of half the arc is 

5 ft. 3 the distance of the chord of the arc from the centre of the 

circle. 


Arcs of a Circle. 

(ir = ¥•) 

12 . The radius of a circle is i ft. 4 in. : find the length of an arc m hich 
subtends an angle of 30® at the centre. 

18 . The radius of a circle is 7 ft. 7 in. : find the length of an arc which 
subtends an angle of 45^ at the centre. 

14 . The radius of a circle is 2 ft. ii in. : find the length of an arc which 
subtends an angle of 7® 12' at the centre. 

16 . The radius of a circle is 6 in. : find the angle subtended at the centre 
by an arc of 11 in. 

18 . The radius of a circle is 45 Iks. : find the angle subtended at the centre 
by an arc of 33 Iks. 

17 . The radius of a circle is 10 ft. : find the angle subtended at the centre 
by an arc of 4 ft. 7 in. 

18 . The length of an arc of a circle is 77 Iks., and it subtends an angle ol 
2® 15' at the centre : find the radius. 
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19 . The length of an arc of a circle is 2 yds. 2 ft. 3 in., and it subtends an 
angle of 7® 30' at the centre : find the radius. 

20 . The chord of an arc is i ft. 7 in., and the chord of half the arc is 11 in. : 
find approximately the length of the arc. 

21 . The chord of an arc is 6 ch. 24 Iks., and the chord of half the arc is 
4 ch. 32 Iks. : find approximately the length of the arc. 

22 . The chord of an arc is 48 in., and the radius of the circle is 30 in. : 
find the length of the arc. 

23 . The chord of an arc is 2 ft. 8 in., and the height of the arc is i ft. : 
find approximately the length of the arc. 


Examination Questions—XIII. 

(Take tt = unless otherwise stated.) 

A. Allahabad University: Matriculation. 

1 . The difference between the areas of two squares inscribed and circum¬ 
scribed about a circle is 338 sq. ft. : find the radius of the circle. 

B. Punjab Univa^sity: Middle School. 

2. 7 'he chord of an arc is 5 ft., and the diameter of the circle is 7 ft. : find 
the height of the arc in inches to four decimal places. 

3 . The chord of an arc is 8 yds., and the chord of half the arc is 13 ft. ; 
find the diameter of the circle. 

4 . The chord of an arc is 10 ft., and the height of the arc is 2 yds. : find 
the diameter of the circle, and the chord of half the arc. 

C. Calcutta University: Matriculation. 

6. The chord of an arc is 100 ft., and the angle subtended by it (ni the cir¬ 
cumference is 150® : find the radius of the circle, the height of the arc and the 
chord of half the arc. 

D. Puropean Schools : Pinal. United Provinces. 

6. Ihe chord of an arc is 36 ft., and the chord of half the arc is 19I ft. ; 
find the diameter of the circle. 

E. Madras Technical: Elementary, 

7 . Find the length of an arc of a circle whose radius is 6 ft., the chord of 
the arc being 8 ft. 

F. Madras Technical: Intermediate. 

8. Find the arc of a circle whose radius is 8 ft., the chord of the arc being 
12 ft. 

G. Poorkee Engineer : Entrance, 

9 . The tops of two vertical rods on the earth’s surface, each of which is 
10 ft, high, cease to be visible from each other when they are 8 mi, apart: 
what is 3 ie earth’s radius ? 

10 . O is the middle point of a straight line AB^ 10 in. long, and from O as 
centre a circle is described with radius 7 in.; is a point on the circumference, 
such that PA = 5 in.: find PB. 

11 . The area of an equilateral triangle, whose base falls on the diameter, 
and its vertex in the middle of the arc of a semicircle, is equal to 100 : what is 
the diameter of the semicircle ? 



On Circles: their Chords and Arcs, 


I2I 


12 . Given the chord 20 ft., and height 4 ft., of an arc of a circle, find the 
diameter and length of arc, 

H. Roorkee Upper Subordinate: Entrance. 

13 . AB and AC are the chords of a circle at right angles to one another; 
their lengths are 30 ft. and 40 ft. respectively : find the height of the arc A C, 
and the diameter of the circle. 

14 . The chord of half an arc is 2 ft- 6 in., and the diameter of the circle is 
4 ft. 2 in. : find the chord of the arc. 

15 . The radius of a circle is 7 ft. : find the perpendicular from the centre 
on a chord 8 ft. long. 

10 . A segment of a circular ring is 2^ ft. thick, the chord of the inner arc 
is equal to the radius : find the mean length of the segment. The length of the 
radius is 10 ft. 

17 . The chord of an arc is 49 ft., and the chord of half the arc is 25 ft. : 
find the diameter of the circle. 

18 . Find the length of the minute hand of a clock, the extremity of which 
moves over an arc 5 in. in length in 3^ min. 

19 . The height of an arc was found by measurement to be 7 ft. 9J in., 
and the chord of half the arc i5fF 7 in. : with what radius had the arc been 
described ? 


I. Roorkee Engineer : Final. 

20. Two parallel chords in a circle are 6 in. and 8 in. long, and i in. apart : 
find the diameter. 

21 . The chord of an arc is 24 ft., and the height 5 ft. : find the length of 
the arc. 

22 . The diameter of a circle is 12 ft. : find the side of the square inscribed 
in it. 

23 . Find the area of a square inscribed in a quadrant whose radius is /v/3, 
two .sides of the square being coincident with the radii. 

J. Roorkee Upper Subordinate: Monthly. 

24 . The span of a bridge, the form of which is an arc of a circle, being 
96 ft., and the height 12 ft., find the radius. 

26 . The width of a circular walk is 4 ft., and the length of the line which 
is a chord of the outer circumference and a tangent to the inner circumference, 
is 20 ft: find the area of the walk. (ir = 3*14159.) 

K. Additional Examination Questions.—XIIL (For Answers, see p. 168.) 

20 . Calculate the distance of the horizon from the eye of an observer stand¬ 
ing on the Kutab Minar, the height of eye from the ground being 240 ft., and 
the size of the earth 8000 miles through. (Punjab University ; Matriculation.) 

27 . Four circles are each i in. in diameter. They are placed so that two 
of them touch two of the others, and the remaining two touch three of the 
others: find the area of the rhombus whose angles are at their centres. 
(Superior Accounts : 4th Grade.) 

28. AB is SI diameter of a circle; BC is a chord subtending an angle of 
30® at A ; CD is drawn perpendicular Xo AB. li AC iO/v/3 in., find AB 
and AD. (Roorkee Upper Subordinate: Entrance.) 

29 . A lighthouse is to be constructed at a distance of 42 miles from a port: 
how high should it be in order that the light may be just visible from the port, 
taking the average height of a man as o ft. ? (Roorkee Upper Subordinate : 
Monthly.) 



CHAPTER XIV. 

ON CIRCLES: THEIR SECTORS AND SEGMENTS. 





83 . A sector of a circle is a figure bounded 
by two radii and the arc intercepted between 
them (see fig.). 

The angle contained by the two radii is the 
an^le of the sector, 

A segment of a circle is a figure 
bounded by a chord and the part of 
the circumference it cuts off (see fig.). 

A zone of a circle is a figure bounded 
by two parallel chords and their inter¬ 
cepted arcs (see fig.). 



PROPOSITION XX. 

84 . To fnd the area of a sector of a circle,^ having given the 
radius of the circle and the angle of the 
sector. 

Let OAB be a sector of the circle 
ABCD, 

Let OA^ the radius of the circle 
ABCD^ measure r of any linear unit. 
Let AOBy the angle of the sector, 
measure a°. 

It is required to find the area of the 
sector in terms of r and a 

Draw OC at right angles to OA, 

In any circle the areas of sectors are proportional to their 
angles.Euc. VI. 33. 

in the circle A BCD, area of I _ / ^z? . / ^ ’ 

sector OAB : area of sector OAC ( ' 

But LAOC^ 90° 

sector AOC is the fourth part of the circle A BCD 

r . ^ Circle ABCD > . „ o 

.*. area of sector OAB :-= Z A OB : 90 

4 

That is, area of sector OAB : sq. units = a : 90*^ §71. 

4 

area of sector OAB = - ~-a X sq. 

360 

units 
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Hence rule— 

The area of a sector is obtained by multiplying the area of the 
circle by where cC is the angle of the sector. 

Or briefly- angle of sector , . , 

Area of sector = ® 360 ° ^ circle 


^= 360 ’^^' 


Hence a = 360 . 


irr^ 


and r 




360 A 

TT 


• (i.) 
■ (ii.) 

• (i'i) 


ILLtrSTBATIVE EXAMPLES. 

86. Example i.—In a circle of radius i ft. 2 in. find the area of 
a sector whose angle measures (tt ~ 

Area of sector = irr- sq. in. . § 84. 

where a = 75, 

r = 14 ; 

■'■.“.V'l-a-vxc#.,.™. 

= 128J sq. in. 

Example 2.—The area of a sector is 77 sq. Iks. ; the radius is 
21 Iks. ; find the angle of the sector, (w = ^.) 

The angle of the sector = 360° x § 84. 

where A — 77, 

X = 21 : 



angle of sector = 360° x 


77 7 


22 X 21 X 21 


= 20^ 



Example 3.—The area of a sector is 44 sq. in.; the angle of the 
sector is 40® : find the radius of the sector, (tt = ^.) 


Radius of sector = ^ 


where a = 40, 

^ = 44, 

radius of sector 


360^ 44 X 7 
22 


= A / ^ ^ 

V__ 40 22 

= v^I 26 in. 

= 11*225 in. nearly 
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Example 4.—Three equal circles are so placed that the circiim- 

ference of each touches the other 
two. If the diameter of each circle 
f measure one foot, find the area of 

I A \ unoccupied space between them. 

I I If the centres Z?, C of the 

\p / \ f^ circles be joined as in the tigure, it 

evident that ABC is an equilateral 
f / \ \ triangle of side = i ft. 

/ Y \ \ area of equi-j _ ^3 r, c 

B-/Jms.C / lateral A4 

I A / Now, unoccu- ( r a ^ 

y \. y pied space .S' ) ~ area of l^AhC 

_ — 3 X area of 

sector ADE 

and area of sector ADE = J x tt x (.\)- sq. 

ft.. . .“§71. 

(since Z BA C - 60°) 

the unoccupied space .V = sq. ft. - ^ x x ^ sq, ft. 

= 36^3 sq. in. - 56‘57I428 sq. in. 

= (62-353 ~ 56*571) sq. in. nearly 
= 5*782 sq. in. nearly 

PROPOSITION XXL 

86 . To find the area of a sector of a circle^ having given the 
le 72 gth of its arc and the radius of the circle. 

Let OAB be a sector of the circle 
ABCD, 

y Let AB^ the arc of the sector, 

/ \ measure / of any linear unit. Let OB, 

I \ the radius of the circle ABCD, measure 

I ^ same linear unit. 

\ required to find the area of the 

\ Z® sector in terms of I and r, 

Nv >/ Draw OC at right angles to OA, 

In any circle the areas or sectors are 
A' proportional to their arcs . Euc. VI. 33. 

^ = arc AB : arc ABC 
sector OAB : area of sector CAC 1 

ButZ^6>C=9o° 

sector OAC is the fourth part of the circle ABCD 

and arc ABC is the fourth part of the circumference ABCD 

t i. y-i A n area of circle ABCD 
area of sector OAB : -- 


= arc AB ' 


circumference of circle ABCD 
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That is— 

Area of sector OAB : ~ = I : 

4 4 


71, 69. 


area of sector OAB 


. 7rr‘ 4 
/ X -X sq. units 
4 ^ 


= sq. units 

Hence rule— 

Multiply the fiumber of any linear trnit in the arc of a sector by 
the fiumber of the same linear unit in the radius ; then half the pro¬ 
duct will give the number of the corresponding square tmitm the area. 
Or briefly— 

Area of sector = i x arc x radius 

A = |lr .(i.) 

Hence 1 = .(ii.) 


ILLUSTRATIVE EXAMPLES. 

87 . Example i.—Find the area of a sector whose radius measures 
2 ft. 8 in., and arc i yd. 2 ft. 

Area of sector = \lr sq. ft. . § 86. 
where r - 2§, 

and / = 5 ; \ 

.*. area of sector = 4 x 5 x | sq. ft. 

= 65 sq. ft. ^ 

= 6 sq. ft. 96 sq. in. ' ' 

Example 2.—Find the length of the arc of a sector whose arec 
measures 10 sq. yds. 6 sq. ft., and whose radius measures 8 yds. 

Length of arc = ft. § 86 . /A 

where A = 96, W \ 

and r = 24 ; \ 


/. length of arc = ~ ft. 

= 8 ft. 

Example 3.—The area of a sector measures 4*8 sq. ch., 
and the length of its arc 60 Iks.: find the radius. 


[i0sy6sf\ 


Radius of sector 


where A ~ 4*8, 
and / = 0*6 ; 


^A , 
-^ch. 


radius of sector = —~ 
0*6 

= 16 ch. 
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300 


Example 4.—A field is in the form of an isosceles triangle, and 
measures 250 yds. along each of its equal sides, and 300 yds. along its 

base : what must be the length 
A of a tether fixed at its apex and 

to a horse’s nose to enable him 
to graze exactly one-fifth of it ? 

Let the A ABC represent 
the field. 

If AD represent the length 
of tether required, the sector 
A DEE will represent the area 
grazed. 

Draw A// perpendicular to 
C BC ]o\n DE, 7 ?E. 

Let AD measure x yds. 

It will be necessary to find (i) DE^ (2) both in terms of a*, 
so that we can express the length of the arc DEF in terms of x, and 
then the area of the sector A DEF in terms of x. 

To find DF, By similar triangles— 

D/' :BC = AD:AB .§ 64. 

300 , 1 - yds. 

6 x 

= j yds. 

To find DE. By similar triangles— 

AC : AD = AH', AB .§ 64. 

But AH — aJ{2^0)'^ — (150)^ yds.§ 64. 

= aJADO X 100 yds. 

= 200 yds. 


250 

1 ^ yds. 

: A£-AG = 

fyds. 

DG^ + Gl? 




Now, DE^ = DG^Jr^E’- .... 

■■■ “ V©+(f 

xJio , 

= - - - yds. 

hence length of arc DEF ~ J(8 x DE DF) , 

5 5 > 

and area oi sector ADEF = j x AD x arc DEF 


sq. yds. 
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But area of sector ADEF = ^ x area of A ABC 

= i X ^ sq. yds. . . § 24. 

where c — 300, 
a = 250 ; 

this area = J x ^ ~ (300)^ sq. yds. 

= i X sJii X 400 sq. yds. 

■= 6000 sq. yds. 

.1 1 I 6 x \ ^ 

h X X X -^- S ) ~ 

Udio - 3) ^ 6000 

. ^2 _ 90QQQ 
4 ^ 10-3 
_ 9000 0(410 + 3) 

~ 160 — 9 

_ 90000 X 15 6490 . . , 

_ _ 

= ^yii^ nearly 
= 9327 nearly 
X = 96 nearly 

hence required length of tether = 96 yds. nearly 

PROPOSITION XXII. 

88 . To find the area of a segment of a circle. 

It may be seen from the figure that any chord, AC^ divides a 
circle ABCD into two segments— 

(1) The segment ACB, which is less 
than a semicircle, and which we shall call 
the minor segment. 

(2) The segment ACDy which is 
greater than a semicircle, and which we 
shall call the major segment. 

It is also evident that— 

(1) Area of minor segment ACB 
= area of sector OABC —area of AO A C, 

(2) Area of major segment ACB 
= area of sector OABC+axeSi of AO AC. 

Hence rule— 

To find the area of a segment of a drclcy find the area of the 
sector which has the same arCy and then subtract or add the area of 
the triangle formed by the radii and chords according as the segment 
is less or greater than a semicircle. 

Or briefly— 

Area of segment = area of sector + area of triangle 


B 
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Elementary Mensuration, 

IliliUSTBATIVE EXAMPLES. 



89 . Example i.—The radius of a circle 
is 8 ft., and the angle of the sector is 6o° : 
find the area of the segment, (tt = 


Area of seg¬ 
ment ACB 


)- 


Now, area of ^ 

sector ^ 

where a = 6o, 
and r = 8 ; 


area of sector OABC — 
area of A OA C. . § 88. 

sq. ft. . . § 84. 


area of sector OABC = 


X ^ X 8^ sq. ft. 
sq. ft. 

= 33*523 sq. ft. nearly 

and area of A OAC = sq. ft.§ 21. 

4 

where ^ = 8 ; 

area of A OAC = 27*712 sq. ft. nearly 
hence, area of segment = (33*523 ~ 27*712) sq. ft. nearly 
= 5*811 sq. ft. nearly 


Example 2.—In a circle of radius 17 in. a segment is cut off by a 
chord whose length is 30 in. : find the area of the segment. 

Segment ACB — sector OABC — A OAC . . § 88. 

Now, A OAC — ^ X AC X OD sq. in.§ 20. 

where AC = 30, 

and OD = JOA^ - A& = = 8.§ 16. 

A OAC = I X 30 X 8 sq. in. 

= 120 sq. in. 

and sector OABC — i x arc x radius . . . § 86. 

— \xlr sq. in. 

where r = 17, 

and / =--—.§ 81. 

= 8 i 7 ; 49 ^ 30 _ _ § ,6. 

3 

= 36*64 nearly ; 

/. sector OABC = ^ x 36*64 x 17 sq. in. 
" nearly 

= 311*44 sq. in. nearly 

Hence— 

segment ACB = (311*44—120) sq. in. 
nearly 

= 191*44 sq. in. nearly 


B 
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‘ ^ ~ 2h 



B 


§ 17 - 
§ 71 - 
§ 20. 


Example 3.—Find the area of a segment whose chord measures 
30 in., and whose height measures 9 in. 

^2 = .§ 77- 

also h'^ .§ 16. 

7.hr ~ -f 

(I 5 )^±( 9 ): ^ 

2x9 ‘ 

that is— 

radius of circle = 17 in. 

Proceeding now as in previous ex¬ 
ample, we find that area of segment 
equals 191*44 sq. in. nearly. 

Exa^nple 4.—The span of a circular arch of 90° is 120 ft. : find the 
area of the segment. 

Segment ACB = sector OABC-~l\OAC%'^^. 

Now AAOC = 

OD = AD = 60 ft. 
and OA — AD^2 = 6oaJ2 ft. 

Again, sector OABC = | of circle 

/. area of sector OABC = — sq. ft. . 

4 

where r = 60 v'2, 

and area of P\OA C ~ \bh sq. ft. 
where = 120, 
and h — Co \ 

^ 60- X 

/. area of segment = ^ x —^ - 

= (5657^ “ 3600) sq. ft. 

= 20571^ sq. ft. 

Example 5.—Find the side of a square inscribed in a segment of a 
circle the chord of which is 12 in. and the height 4 in. 

Let each side of the square measure x in. 

Then in the figure we have— 

EF = X in. 

AB - 12 in. 

CF = 4 in. 

Now, DF X FC ^ AF- . . 

(6)2 . 

—in. 

4 

:= 9 in. 

/. DE DF+ FE = (9 + x) in. 
also CE ~ U - x) in. 

But CE X ED ^GE^ Euc.III.35 
x^ 

(4 - x)(s) + x) = — 

1-2 



X 120 X 60 


) sq. ft. 


Euc. III. 35. 


DF = 


36 - Sx - .r 


144 - 20.1- - 4jr' 


4- 4 x = 
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By solving this equation we find— 

X — 3727 nearly 

Hence each side of the square measures 

3727 in. nearly 

PROPOSITION XXIII. 

90 . To find the area of a segment of a circle^ haznng given the 
chord and height of the arc. 

Rule— 

Add together one fourth of the square of the 7iumber of any linear 
unit in the chord of the arCy and tioo-fifths of the square of the 
number of the same linear unit in the height; then multiply the 
square root of the sum by four-thirds of the number of the same 
linear unit in the height; and the product ivill give the number of 
the corresponding square unit m the area of the segment. 

Or briefly— __ _ 

Area of segment = ^ height^y^/ ^ ~ chord^ + g height^ ) 

The proof of this formula is omitted, since it depends upon 
the higher mathematics. 

The area of the segment as given by this formula is somewhat 
greater than it should be; but the error is very small, especially 
w'hen the central angle of the arc is small. 

Note .—For an alternative method, see § 89, Example 3. 

IIiIiUSTRATIVE EXAMPLE, 

91 . Example i.—Two equal circles intersect in such a way that the 
circumference of each passes through the centre of the other: if the 
radius of each circle measure i ft., find the 
area of the space common to both circles. 

Area of space com- \ ^ ^ 

mon to both circles) = " ^ of segment 

ACB _ 

= 2 .X 4- ^h^) sq. 

ft.§ 90. 

where h number of feet in BDy 
and c ~ „ „ AC \ 

Now, BD = IBE = J ft. 
h-% 

also^Z>2 AB’^ - BD’^. . § 16. 

••• (D* =I* - (i )==I 

c = J2, 
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Hence — 

Required area = 2 x J x J x sq. ft. 

= -WiL+ *) sq. ft. 

= Uili) sq. ft. 

= ^ X 0*922 sq. ft. nearly 
= 1*22 sq. ft. nearly 


Example 2.—If two parallel chords of 
a zone on the same side of the centre of the 
circle are 120 ft. and 104 ft. ; and their 
distances from the centre 25 ft. and 39 ft. : 
find the area of the zone. 

Area of zone ABDE ~ area of segment 
A CE — area of segment BCD, 

where c — 120, 

and /5(5o+/^) =60 x 60, that is, h — 40. 

’ ‘A C% } = ^ X 40 X V(6o)''‘+i(4o)2sq.ft. 




A/- 

/ 5 



= 3472*7 sq. ft. nearly 

Also area of segment BCD = +sq. ft. 

where c — 104, and ^(78 4-/f) = 52 x 52, that is, h — 26. 
area of segment BCD = ^ x 26 x ^'(52)^ + j (26)- sq. ft. 

= 1890*6 sq. ft. nearly 

Henceareaofzone/^^iJ>A"= (34727 — 1890*6) sq. ft. nearly 
= 1582*1 sq. ft. nearly 



5 90. 


Examples—XIV. 

On Sectors. 

( ^ = 9.) 

1 . In a circle of radius 16 in., find the area of a sector whose angle 
measures 6o°. 

2 . In a circle of radius 3 ft. 4 in., find the area of a sector whose angle 
measures 45°. 

8. In a circle of radius 14 yds., find the area of a sector whose angle 
measures 6° 40'. 

4 . In a circle of radius 13 ch. 50 Iks., find the area of a sector whose 
angle measures 13® 7' 30". 

6. The area of a sector is 40 sq. ft.; the radius is 15 ft. : find the angle 
of the sector. 

6. The area of a sector is 80 sq. ft.; the radius is 16 ft. : find the angle 
of the sector. 

7 . The area of a sector is 8 sq. ft.; the angle of the sector is 45° : find 
the radius of the sector. 

8. The area of a sector is 36 sq. in. ; the angle of the sector is 70® : find 
the radius of the sector. 

9 . Find the area of a sector whose radius measures 15 in., and arc 28 in. 

10 . Find the area of a sector whose radius measures 3 yds. 2 ft., and arc 

4 yds. I ft. 
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11 . Find the length of the arc of a sector whose area measures 15 sq. ft., 
and radius 6 ft. 

12 . Find the length of tlie arc of a sector whose area measures 3 sq. ft. 
72 sq. in., and radius 4 yds. 2 ft. 

13 . The area of a sector measures 24 sq. in., and the length of its arc 8 in. : 
find its radius. 

14 . The area of a sector measures 2 sq. ft. 108 sq. in., and the length of 
its arc 5 ft. 6 in. : find its radius. 

15 . The area of a sector is 75 sq. in. ; the area of the circle is 125 sq. in. : 
find the angle of the sector. 

16 . The chord of a sector is 6 in. ; the radius is 5 in. : find the area. 

17 . The area of a sector is 240 sq. ft., and the area of the circle is 
960 sq. ft. : find the length of the arc. tt — 3‘14159. 

lo. In a circle whose area measures i ac., find the area of a sector wdiose 
angle measures 75®. 


On Segments. 

(tt = 

19 . The radius of a circle is 10 in., and the angle of the sector is 90° : find 
the area of the segment. 

20 . Find the area of a segment of a circle of radius 2 ft. 6 in., if the chord 
of the segment subtends an angle of I2C° at the centre of the circle. 

21 . Find the area of a segment of a circle whose chord measures 5J ft., and 
subtends an angle of 60° at the centre. 

22 . The chord of a segment is 8 ch. 40 Iks., and it subtends an angle of 
90® at the centre of the circle : find the area of the segment. 

23 . In a circle of radius ch., find the area of a segment whose chord 
is equal to the radius of the circle. 

24 . In a circle of radius 10 in., find the area of the zone between two 
parallel chords drawn on the same side of the centre and subtending angles of 
90® and 60° at the centre respectively. 

26 . In a circle of radius 8 ft., find the area of the zone between two parallel 
chords drawn on opposite sides of the centre and subtending angles of 90*^ and 
120° respectively. 

26 . Find the area of a segment whose chord measures 8 yds., and whose 
height measures 2 yds. (Use § 90.) 

27 . The span of a circular arch of 60® is 140 ft. : find the area of the 
segment. 

28 . Find the area of the major segment cut off by a chord of i ch. from 
a circle whose radius is i ch. 30 Iks. 


Examination Questions— XIV. 

(Take tt = unless otherwise stated.) 

A. Allahabad University: Matriculation, 

1 . Three circles, each of radius i ft., touch each other : find the area of the 
curvilinear figure included between them, v = 3*14159, 

B. Punjab University: Matriculation. 

2 . A circular disc of cardboard i ft. in diameter is divided into six equal 
sectors, by pencil lines through the centre. In each sector there is described 
a circle touching the two bounding radii of the sector, and also the arc joining 
their ends at its middle point. If the circles are cut out from the six sectors, 
find the area of cardboard remaining. 
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3 . The area of an equilateral trianofle is 17,320*5 &q. ft. About each angular 
point, as centre, a circle is described with rarlius equal to half the length of a 
side of the triangle, hind the area of the space included between the three 
circles, (^r = 314159.) 

C. Calcutta U?u'vers/ty: Matriculation. 

4 . Find the area of a sector of a circle with radius 35 ft., the angle of the 
sector being 15®. 

6. A chord of a circle subtends an angle of 60° at the centre : if the length 
of the chord be 100, find the areas of the two segments into which the chord 
divides the circle. 

D. European Schools: Final. United Provinces. 

e. A field in the form of an equilateral triangle contains half an acre : 
what must be the length of a tether fixed at one of its angles and to a horse’s 
nose, to enable him to graze exactly half of it ? 

K. Madras I'cchnical: Elementary. 

7 . The length of the arc of a circle is 14 ft., and the radius is 10 ft. : find 
the area of the sector. 

8. Find the area of a sector when the radius is 50 ft., and the length of 
arc 16 ft. 

9 . Find the area of a segment of a circle whose radius is 6 ft., the chord 
of whose arc is 8 ft. 


Roorkee Engineer : Entrance. 

10 . Tf two circles be described on the bounding radii of a quadrant of a 
circle whose radius is 10 ft., as diameters, find the area of the figure common to 
both circles, tr = 3 14159. 

11 . Find the area of the space which is common to four equal circles which 
intersect each other, their centres being at the angular points of a square, and 
their radii equal to a side of the square. 

12 . The radius of a circle is 75 ; a zone of that circle has one of its parallel 
chords coinciding with the diameter, and the other equal to the radius : what is 
the area of the zone ? tt = 3* 14159. 

13 . Find the area of the zone of a circle contained between two parallel 
chords whose lengths are 96 and 60 in., and their distance apart 26 in. 

14 . The area of a segment of a circle which is less tnan a semicircle is 
I sq. in., the length of the arc of the segment is 2J in., and the perpendicular 
let fall from one end of the arc on to the diameter passing through the other 
end is J in. : what is the radius of the circle ? 

16 . A gentleman has a lawn in the shape of a circle ; this he divides into 
quadrants, and in each he cuts out a circular walk 10 ft. in breadth, the outer 
edge of which touches the arc of the quadrant and its two radii. If the radius 
of the large circle be 100 ft., find the whole area of ground covered with grass. 

16 . Find the area of the zone of a circle whose diameter is 20, the parallel 
chords being 12 and 16, and both on same side of diameter. 

17 . Find the side of a square described in a segment of a circle, the chord 
of which is 20, and height 5 in. 

18 . If the centre of a circle whose diameter is 20 is in the circumference 
of another circle whose diameter is 40, what are the areas of the three included 
spaces ? 

19 . The diameter of a circle is 25, and two parallel chords in it, on the 
same side of the centre, are 20 and 15 : find the area of the zone contained by 
them. 

20 . The two parallel chords of a zone on opposite sides of the centre are 
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iS and 24, and their distances from the centre 12 and 9 : find the area of the 
zone. 

21 . The lengths of the hour and minute hands of a clock are 10 and 13 in. 
lespectively : find the difference of area of the sectors described by the hands 
between ii hrs. 48 min, and 12 hrs. 14 min. 

22 . Find the area of the largest sc|uare that can be cut out of the segment 
of a circle whose chord is 16, and rise 4. 

23 . Given the chord 20 ft. and height 4 ft. of an arc of a circle, find the 
area of the segment. 

24 . Give formulx for finding the area of a triangle, a regular polygon, and 
a sector of a circle. 

G. Roorkec Upper Sulu^rdinati:: Entrance. 

26 . Three equal circles intersect each other so that the circumference of 
each passes through the centres of the other two ; find the area of the figure 
common to the three circles. 

26 . The chord of a sector is 6 in., the radius is 9 in. : find the area of the 
sector. 

27 . A field has the shape of an isosceles triangle whose base is 500 yds., 
and side 800 yds. : what length of rope shall I require to tether a horse at the 
apex of the triangle, so that he may graze over 1000 sq. yds, ? 

28 . Two boys, amusing themselvc's at a game called snatch-apple in a room 
30 ft. high, find that by standing 12 ft. from each other, the apple, which is 
suspended from the ceiling by a string, and is in a right line between them, 
will just touch each of their mouths : find the area of the sector formed by the 
apple and the string, the height of each boy’s mouth from the floor being 3 ft. 

29 . The radius of a circle is in. ; two parallel straight lines are drawn 
in it, each an inch from the centre; find the area of the part of the circle 
between the straight lines. 

30 . The circumference of a circle is ii ft. : find the length of the radius, 
and the area of the segment cut off by a chord equal to the radius. 

81 . Find the area of a sector, and of the segment of a circle whose chord i.s 
24, and height 6. 

32. The diameter of a rupee is ij in. : if three of these coins be placed on 
a table so that the rim of each touches two others, it is required to find the area 
of the unoccupied space between them. 

33 . The radius of a circle is 25 ft. ; two parallel chords are drawn, each 
equal to the radius : find the area of the zone between the chords. 7r=3*i4i59. 

34 . The radius of a circle is 12 ft. ; two parallel chords are drawn on the 
same side of the centre, one subtending an angle of 60° at the centre, and the 
other an angle of 90° ; find the area of the zone between the chords. 

36 . Find the area of a segment of a circle whose radius is 12, and chord 16. 

36 . What is the area of the sector of a circle whose arc of 24° measures 
10 ft.? 

H. Roorkee Engineer: Final. 

37 . Two equal circles of i in. radius are distant 2 in. from each other, and 
a cord passes tightly round them, crossing between them : find the length of 
the c«.rd and the area enclosed by it. (ir = 3*14159.) 

88 . ^ circle whose diameter is 10 ft. passes through the extremities of a 
diameter of another, and bisects a radius at right angles : find the area of the 
part common to both, (tt = 3*14159.) 

8 > 9 . The radius of a circle is 15 ft. ; two parallel chords are drawn on the 
same side of the centre, one subtending an angle of 60° at the centre, and the 
other an angle of 120® : find the area of the zone enclosed between the chords. 
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ON CIRCLES: INSCRIBED AND CIRCUMSCRIBED TO 
TRIANGLES, 

PROPOSITION XXIV. 

92 . To find ihe radius of the inscribed circle,, having given the sides 
of the triangle. 

Let O be the centre of the 
circle PQR inscribed in the IEABC, 

Then, if P, < 2 » ^ the points 
of contact between this circle and 
the triangle, OP,, OQ, and OR will 
be radii of the inscribed circle, and 
they will be perpendicular to BL\ 

CA, AB respectively . Euc. IV. 4. 

Let OR^ the radius of the circle 
PQRy measure r of any linear unit. 

Let BC, CA, AB measure a, b, c of 
the same linear unit respectively. 

It is required to find r in terms of b, and c. 

Join OA^ OB, OC. 

Now— 
i*ea of 1 

A ABC) ~ of A BOC + area of ACOA + area of A ^ Ci? 

= ^ . OP, BC i • OQ , CA 4 " • OR . AB . § 20. 

= + l^rb + ^rc) sq. units 

a ^ A" ^ •. 

= r ~ . .sq. units 

2 

= rs sq. units.§ 23. 

r linear I _ area of A ABC 
units I ““ s linear units 

Hence rule— 

The number of any square unit in the area of a triangle divided 
by the number of the corresponding linear unit in its seniiperimcter , 
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gives the miniber of the same linear unit m the radius of the inscribed 
circle. 

Or briefly— 


Radius of inscribed circle = 

r = 


area of triangle 
semi-perimeter of triangle 
A 
s 


PARTICUIiAR CASE. 


93. Equilateral triangle. 

If a linear units denote each side of an equilateral triangle— 

(X^ kI 

Then area of triangle =- - sq. units § 21. 



and semi-perimeter 
of triangle 


—— linear units 
2 


Now, radius 1 

of circle in- (_a rea of triangle g 

scribed in 1 semi-perimeter of triangle 

any triangle ) 

radius of circle in-1 2 / 

scribed in equilat. > = T - 3 £ linear units 

triangle of side a ] ^ 


= —7— linear units 

2V3 

Note.—Since the height of an equilateral triangle of side a is 

(see § 17), which may be written x 3, we see that the middle 

point of an equilateral triangle is situated at a distance from an 
angular point equal to | of height of triangle. 


IliLUSTRATIVE EXAMPIiES. 


94 . Example i.—The sides of a triangle measure 35, 44, 75 ft. 
respectively ; find the radius of the inscribed circle. 

Radius of inscribed circle = — ft.§ 02. 

_ s 

where A = ~ 35)(-y - 44)(^ ~ 75) .§ 23. 


and 


y 35 + 44 + 75 ^ 


77 , 


that is, A = \h7 X 42 x'33 x '2, 

™ 462 ; 

radius of inscribed circle = ft. 

= 6 ft. 

Example 2.—Find the circumference of the circle inscribed in an 
equilateral triangle whose side measures 9 yds. w = 
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Radius of inscribed circle 

where a - 9 ; 

radius of inscribed circle 


2V3 


yds. 


§ 93 * 


where r 
and IT 




yds. 
yds. 

circumference of circle = 27 rr yds. 


2V3 

3V3 


5 69. 


3 ^ 3 . 


circumference of circle = 2 x x yds. 

i 6'33 . . . yds. 

PROPOSITION XXV. 

95 . To Jind the radms of the circimscribed circle, havmg givcJi 
the sides of the triangle. 

Let O be the centre of the circle 
A BBC circumscribed about the 
A ABC. 

Then OC will be a radius of the 
circumscribed circle. 

Let OC, the radius of the circle 
A BBC, measure B of any linear unit. 

Let BC, CA, AB measure a, b, c of 
the same linear unit respectively. 

It is required to find R in terms 
of a, b, and c. 

Produce CO \.o meet the circum¬ 
ference of the circle A BBC in E. 

Join AB. 

Draw CD perpendicular to AB. 

Then, since triangles ACB, DCB are similar (Euc. III. 21 
and lit. 31)— 

BC : CD =: BC’. CA .... § 64. 
that is, a : CD = 2R : b 
But ^ . CD . AB = area of A ABC . . § 20. 
that is, ^ . CD . r- = A 

or CD = — 



. 2A 
c 

ox 


= 2/?: /; 
(d)C 

?A 
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Hence rule— 

The cofitimtedproduct of the numbers of the same linear unit in 
each of the three sides of a triangle^ when divided by four times the 
number of the corresponding square unit m the area^ gives the number 
of the same linear unit in the radius of the circ 7 tmscribed circle. 

Or briefly— 

Radius of circum- \ _ product of sides of tria ngle 
scribed circle 1 ~ 4 x~area of triangle " 


PARTICUIiAR CASE. 

96 . Equilateral triangle. 

If a linear units denote each side of an equilateral trjanglc— 

Then area of triangle = - ~ ^ sq. units §21. 

4 

Now, radius of\ 

circle circum- | _ p rodu ct of side s . 
scribed about I ““4Xarea of triang. * ' 
any triangle ^ 
radius of circle \ 

circumscribed ( =-.j-#-- linear units 

about an equilat. i 4 x 
triangle of side a / 4 

= linear units 

Vs 

HiLTJSTRATIVE EXAMPIjBS. 

97 . Exafnple i.—The sides of a triangle measure 21, 72, 75 in. 
respectively : find the radius of the circumscribed circle. 


Radius of circumscribed circle — in. . . . § 95. 

where a — 21, b — 72, c = 75, 

and A = \fs{s -T Ti)(s ya j'fy - 75).§ 23. 

~ V84 X 63 X 12 X 9 

= 756 ; 


. 21X72X7? 

radius of circumscribed circle =- - —2---- in. 

4 756 

= 37 i in. 

Example 2 .—Find the area of the circle circumscribed about an 
equilateral triangle whose side measures 6 yds. v 

Radius of circumscribed circle = ^ yds.. . . § 96. 



where « » 6 ; 
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/. radius of circumscribed circle = yds. 

V 3 

= 2V3yds. 

area of circumscribed circle = sq. yds. . . . § 71. 

where r = 2 ^^3, 
and TT " ; 

/. area of circumscribed circle - "K}- x (2^/3)^ sq. yds. 

22 y 12 , 

==- - — sq. yds. 

= 37? sq. yds. 


Examples —XV. 

1 . Find the radii of the inscribed and circumscribed circles to a triangle 
whose sides measure 24, 30, and 18 ft. respectively. 

2 . Find the radii of the inscribed and circumscribed circles to a triangle 
whose sides measure 36, 29, and 25 in. respectively. 

8. Find the area of the circle (i) inscribed in, (2) circumscribed about, an 
equilateral triangle whose side measures i ft, 3 in. tt = 

4 . Find the circumference of the circle (i) inscribed in, (2) circumscribed 
about, an equilateral triangle whose side measures 2 yds. 2 ft. 9 in. tt = 

Examination Questions—XV. 

(Take ir = unless otherwise stated.) 

A. Allahabad University: Matriculation, 

1. Prove the formula for determining the radius of a circle inscribed in 
a triangle whose sides are given. 

'I’he radius of a circle inscribed in an equilateral triangle is 10 ft. : find the 
area of the triangle. 

2 . Find the diameter of the circle round a triangle whose sides are 123, 
122, and 49. 

E. Punjab University: Matriculation. 

3 . The three sides of a triangle being given, find the radius of the circle 
described about the triangle. 

Apply your result to the triangle whose sides are 20, 48, and 52 ft. 

4. The sides of a triangle are 2^, 3, and 3! ft. ; find in inches the radii of 
the inscribed and circumscribed circles. 

C. Punjab University: School Middle, 

5 . Two sides of a triangle are 85 and 154 ft. respectively, and the perimeter 
i'^ 324 ft.: find the diameter of the circle described round the triangle. 

0 . The sides of a triangle are 100, 156, and 160 yds. respectively : find the 
tliameter of the circumscribing circle. 

7 . The sides of a triangle are 6, 7, and 9 ft. respectively : wdiat is the 
diameter of the circle described round the triangle ? 

D. European Schools: Final, United Provinces, 

8. Given a circle of radius 1 ft., find to three places of decimals the side 
of an equilateral triangle inscribed in it. 

0 . Find the diameter of the circle circumscribing a triangle, the sides 
of which are 68, 285, and 293 ft, respectively. 

10 . Calculate the side of an equilateral triangle inscribed in a circle whose 
radius is R. 
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E. Madras Technical: Elcmentaiy, 

11 . Find the length of the side of an equilateral triangle inscribed in a 
circle 8 in. diameter. 

F. Roorkee Engineer: Entrance. 

12 . Two sides of a triangle containing an obtuse angle are equal to lo and 
14 in. respectively, and the perpendicular on the third side from the vertex is 
equal to 7 in.; find the diameter of the circumscribing circle. 

13 . The three sides of a triangle inscribed in a circle are 120, 160, and 
180 ft. respectively ; find the difference between the area of the circle and the 
area of the triangle. 

14 . Find the area, in square chains, of the circle inscribed in a triangle, of 
which the sides are 372, 350, and 320 yds. respectively. 

G. Roorkee Upper Subordinate: Monthly. 

16 . The sides of a triangle arc respectively 26, 28, and 30 in. : required the 
diameter of the circumscribing circle. 

II. Roorkee Upper Subordinate: Entrance. 

10 . Find the side of an equilateral triangle inscribed in a circle whose 
radius is 10 in. 


I. Additional Examination Question. — XV» 

17 . Show by computation that a side of the equilateral triangle together 
with a side of the square, both inscribed in the same circle, are equal to half the 
circumference of that circle, nearly, (runjab University: Matriculation.) 



CHAPTER XVL 

ON SIMPSONS RULE, 


98 . Consider the figure bounded by the curve adg, the straight 
line AG,, and the two straight 
lines ^(2 and Gg dX right angles 
to AG. 

Let AG be divided into 
any number of equal parts AB^ 

BC, CD . 

At the points of division 
draw Bb, Cc , . , perpendicu¬ 
lars to A G, to meet the curve 
in b,, d . . . 

The perpendiculars A a,, Bb^ 

Cc . . . are called the ordinates of the curve. 

The length of AB is called the cotnmon distaiue between the 
ordinates. 



PROPOSITION XXVI. 

99. To find approximately the area of a figure of t^diich one of 
the bounding lines is a curve,, having given the lengths of an odd 
}lumber of ordinates and their common distance. 

Let the lengths of the ordinates measure A, A, . . • A, and 
their common distance d of the same linear unit. 

In the figure, join al\ be. 



Through b draw a tangent to the curve, meeting the ordinates 
Aa and Cc produced in ci and d* 
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We shall call the portions into which the figure is divided by 
the ordinates pieces. 

Area of first piece AabB > area of trapezoid aB 

>\,AB,{Aa^Bh) , §39. 

> \d{p^ + /g) sq. units 

/. 2 X area of first piece > d{p^ + /,>) sq. units 

Similarly— 

2 X area of second piece > + A) sq. units 

2 X (area of first piece + area of second piece) 
i,e. 2 X area of AacC > ^( A + A + ^A) sq. units 

Again, area of first and second pieces— 

i,e, area of AacC < area of trapezoid dC 

< AB{Ad + Cd) 

< AB X 2Bb 
ad X 2A sq. units 

Thus we have obtained two results, one of which is somewhat 
too small to be taken for the area of AacC^ and the other is 
somewhat too large. 

By combining these two results, the errors will, to a large 
extent, balance one another. Hence, for all practical purposes, 
we may write— 

3 X area of AacC = d{pi + A + 4 A) ^<1* units 

We now proceed to the third and fourth pieces, which together 
make up the figure CceE, 

We need only substitute the letter A A> A ^or /2» A Aj 
in the expression which we have obtained for the area of AacC, 

Thus we have— 

3 X area of CceE = d{p^ + A + 4A) sq. units 

Similarly, we find— 

3 X area of EegG = ^/(A + A + 4 A) sq. units 
and 3 X „ GgkK = d{p^ + A + 4A) sq. units 

Hence— 

Total area = A + A + ^(A + A + A) + 4(A + A + A+A)) 
sq. units 

Hence rule— 

Add together the first and last ordinates^ twice the sum of the 
remaining odd ordinates^ and four times the sum of the even 
ordinates ; multiply the result by oneAhird the common distance 
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Or briefly— 

Akoo common distance,. ^ ^ 

Area =-^f first ordinate + last ordmate 

+ 2 X sum of remaining odd ordinates 

+ 4 X sum of even ordinates} 
cl 

A = gfPl + Ps„ + , 4- 2(p. 4- Pc + ... 4- P2.,-,) 

+ 4(P2 4- P4 4- . . . 4-P2«)} 

where 2/2 + i = number of ordinates 

It is evident that by using a greater number of ordinates we 
shall obtain, by this rule, a more accurate result. Moreover, the 
accuracy depends upon the regularity of the curve. 

100. If the area be bounded by a curve and a straight line, 



as in the figure, the same rule applies. In this case the first and 
last ordinates vanish, so that the formula becomes— 

A = 4-a) 4- 4(A 4-a 4-a)} 

101. The same rule also holds good when the area is bounded 
by a closed curve, as in the figure. 



In this case the total lengths bH, ce\ ... are taken as the 
ordinates. 
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102. When a figure, such as ABCD, is bounded by an 
irregular closed curve, it will be found advisable to describe a 

rectilineal figure coinciding as 
C nearly as possible with the curve. 
By Simpson’s rule we can then 
determine the areas of those 
portions of the curvilinear figure 
which lie outside the rectilineal 
figure, and also the areas of 
those portions of the rectilineal 
figure which lie outside the 
curvilinear figure. By adding 
the former areas to, and sub¬ 
tracting the latter areas from, the area of the rectilineal figure, we 
obtain the area of the curvilinear figure. 

ILLUSTRATIVE EXAMPLES. 

103 . Example i.—The ordinates of a curve measure 5, 6, 8, 7, 4, 
3, 2 ft. respectively, and their common distance is i ft. : find the area 
of the figure. 

Area = + A + 2(A + A) + 4 (A + A + A)} sq. ft. . § 99 - 

where -l.Pi- 6, /a = 8, A = 7, A = 4, A = 3> A == 2, and 
d ~ \ \ 

Area = 5 + 2 + 2(8 -f- 4) 4 - 4(6 -h 7 + 3 )} sq. ft. 

= ^{7 -t- 24 + 64} sq. ft. 
rr 3l| sq. ft. 

Example 2.—The ordinates of a curve are o, 1-25, 2, 2’5, 275, 37, 
2 * 5 , I, o ft. respectively, and the common distance is | ft. : find the 
area. 

Area = -{A + A + 2(A + A +/?) + 4 (A+/i 4 -A +A)} ^q- § 99 - 

3 

whereA = o,A = A = 2,A = 2*5,A = 275,A = 3'5,A - 2*5, 
A = B A = and d - 075 ; 

Area = ^g^{2(2 + 275 -f- 2*5) + 4(1*25 + 2*5 + 3*5 + i)} sq. ft. 

= o*25{i4*5 -f- 33] sq. ft. 

= 11*875 sq- ft- 



Examples—XVI. 

Find the areas of the following curvilinear figure.s by Simpson’s Rule :— 

1 . Ordinates, 4, 7, 8, 10, 7, 6, 3 ft.; common distance, i ft. 

2 . Ordinates, i, 3, 5 > 7 > 9 > 4 » 2 ft.; common distance, i ft. 

3 . Ordinates, 9, 13, 17, 20, 22, 14, 8 ft.; common distance, 2 ft. 

4 . Ordinates, o, 1*5, 2*25, 3, 2*75, 1*25, o ft.; common distance, i ft. 

6 . Ordinates, 7, 10, 12, 14, 22, 22, i8, 15, 9 ft. ; common distance, i ft. 6 in. 
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6 . Ordinates, 1-428, 1*536, 1-690, 1746, 1*768, 1786, 1*804 ft. ; common 
distance 0*75 ft. 

7 . Ordinates, o, 1-54, i S6, 2, 2*6, 2*98, 3*4, 4, 2 8 ft.; common distance, 

1 ft. 

8 . Ordinates, 4*638, 4*986, 5 004, 5*264, 5*186, 4*888, 4*684, 

4-228 ft. ; common distance, l ft. 

9 . Ordinates, 1*3268, i* 4394 > i'5S68, 1*6264, 1*7644, 1-6896, 1*5482, 
1*4466, 1*4088 ft. ; common distance, 1 ft. 

10 . Ordinates, 0*04, 0*3688, 0*4, 0*57, 0*482, 0*3348, 0*266, o*i8, o ft. ; 
common distance, 0*05 ft. 

11 . Ordinates, o, 2^, 3^, 21 , ijj, o ft. ; common distance, J ft. 

12 . Ordinates, o, 14, 18, 20, 22, 28, 30, 26, 24, 20, 16, 14, 12 ft. ; base 
line, 18 ft. 


Examination Questions—XVI. 

A. Aladras Technical: Klemcntary. 

1 . Apply Simpson’s Rule to find in square feet the area of a field having 
the following dimensions : ordinates, o, 20, 32, 36, 32, 20, o ft. ; the common 
distance being 20 ft. 

2. Apply Simpson’s Rule to find the area of a plot of land having the 
following dimensions : ordinates, 2, 7, 18, 38, 70 ft. ; common distance, 33 ft. 

B. Madras Technical: Intermediale. 

3. Apply Simpson’s Kule to find the area in square feet of a figure having 
the following ordinates : 2, 7, 9, 15, 21, 30, 12 ft. ; common distance, 33 ft. 

C. Roorkee JEngi^icer: Enirafice. 

4 . Find the area of a quadrant by Simpson’s Rule by dividing it into 10 
spaces of equal breadth. Lastly, show the error in the result, (tt = 3*1416.) 


D. Roorkee Engineer: Monthly. 

6. One side of a field, AB^ is 80 ft. long ; two other sides, AC and BDy at 
right angles to it, are respectively i6 and 60 ft. ; the fourth side is curved, and 
the ordinates to it from AB (at intervals of 10 ft. from A) are 18, 24, 36, 21, 
28, 40, and 50 : what is the area of the field ? 

6. Thirteen equidistant ordinates arc measured to a curve at 100 ft. intervals 
on a chain line : fin<l the area between the end ordinates, the curve, and the 
chain line. The ordinates are : 50, 60, 80, 90, 30, 50, 60, 80, 70, 90, roo, 120, 
130. 


E. Roorkee Engif leer : Final. 

7 . The length of a line is 584 ft., and at equal distances along it the follow¬ 
ing offsets were taken to an irregularly curved fence, viz. 93, 84, 72, 68, 43, 54, 
37, 29, and 23 ft. : find the area included between the extreme offsets, the fence, 
and the chain line. 

8. Apply Simpson’s Rule to find the area of a section, the heights of 
which above the railway level, at intervals of 30 ft., arc 2, 10, 15, 20, 30, 25, 
17*5, 10, 3 ft. 

9 . Describe what is meant by “ Simpson’s Rule.” Under what circum¬ 
stances is it applicable ? 

F, Roorkee Upper Subordinate: Monthly. 

10 . Find by Simpson’s Rule the area of a curvilinear figure whose ordi¬ 
nates are 9, ii, 13, 12, lo, 13, 15, 17, 14, 12, 7 ft. ; base = 73 ft. 

G. Roorkee Upper Subordinate : Final. 

11 . By Simpson’s Rule find the area of a figure having the following 
dimensions: ordinates, 5, 15, 37, 77, and 14I ; common distance, 2 ft. 



CHAPTER XVIL 

ON SIMILAR FIGURES: THEIR AREAS. 

PROPOSITION XXVIL 

104. Having given the lengths of corresponding Ihies draivn ui two 
similar figures.^ and tiu area of one of these figures^ to find the area of 
tJu other figure. 

Let A BCD and DFGHbe two similar figures. 

Let the corresponding lines DB and HF measure and a^ of 


D 



the same linear unit respectively. Let the area of the figure EFGH 
measure of any square unit. 

It is required to find the area of the figure A BCD in terms of 
^ 1 , ^ 2 , and 

Now, it is proved in Euclid that the areas of similar figures are 
proportional to the squares of any corresponding lines that may 
be draDim in them, whether the figures be rectilineal or curvilinear. 

area of figure ABCD : area of figure EFGH « DH ^: HF^ 

That is— 


Area of figure ABCD : A^ Oi i 
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Hence rule— 

The area of a figure is found by taking its ratio to the known 
area of a similar figureand equating it to the ratio of the squares oj 
known corresponding lengths. 

Or briefly— 

Area of first figure : area of second figure = ratio of the 

squares of correspond¬ 
ing lengths in first 
figure and second 
figure. 

Ai : As = a;" : a/ .... (i.) 

Hence ai : as == VAi : ^/As . . . (ii.) 

HiIiXTSTRATIVE EXAMPLES. 

106 . Example r.—In two similar triangles the bases are 7 ft. and 
9 ft. respectively. If the area of the first is 21 sq. ft., what is the area 
of the second 



9 ’- 


Area of the second : sq. ft. = ; {aIf . . § 104. 

where = 21, 



area of second = 21 x sq. ft. 

= sq. ft. 

= 34? sq. ft. 

Example 2.—The plan of a field containing 2400 sq. yds. is drawn 
to a scale of i in. to 30 ft. : find the area of the plan. 

Area of plan ; A.^ sq. yds. = {af : {af . . § 104. 

where 2400, 

ill = I, 

^2 = 30 X 12 = 360 ; 

area of plan = 2400 x sq. yds. 

^ sq. in. 

360 X 360 ^ 

*= 24 sq. in. 
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Example 3.—If in a plan every square inch of surface represents 
an area of ten acres, find the scale to which it has been drawn. 

(^1) in. : (^^2) in. = /JA^ : sjA.^ .... § 104. 

where Ai = ly 

Ao = 4840 X 9 X 144 X 10 ; 


(^1) in. : (al) in. = 
Thus the scale is— 


^/i : ^/484 o X 9 X 144 x 10 
I : 7920 


I in. to 7920 in. 
or I in. to J mi. 


Example 4.—The sides of a triangle are in the proportion of the 
numbers 13, 14, and 15. Its area is 756 sq. ft.: 
find the three sides. 

First side : 13 ft. = A^ : \lA,, § 104. 

w’here . 4 , = 756, 

and A.^ = sjs{ s - i 3T(.r^"i 4)'(? ~ 15) § 23. 

— aJ'ii x 8 X 7 x 6 

= 84; 

first side = 13 x ft. 



= 13 X 3 ft- 
= 39 ft- 


Hence second and third sides are 42 ft. and 45 ft. respectively. 
Example 5.— A circle of 90 ft. radius is divided into three parts 
by two concentric circles : find the radii of 
these circles, so that the three parts may 
be of equal area. 

Let OC be the radius of the given circle, 
and let OB and OA be the radii of the two 
concentric circles respectively, by which it 
is divided into three equal parts. 

Let OA measure ft., and OB r.^ ft. 

Then r.p \ - 2 \ \ .§ 104. 

and (90)2 : = 3 : I .§ 104. 

Hence r, = ^ = 51-96 . . . 

and = ^^^2 = 30^6 = 73*48 . . . 
Thus the radii are seen to measure 51*96 .. . ft. and 73*48 ... ft. 
respectively. 



Examples—XVII. 

1 . In two similar triangles the bases are 8 in. and li in. respectively : if 
the area of the first is 128 sq. yds., what is the area of the second? 

2 . If the area of one triangle is nine times the area of a similar triangle, 
and if the base of the first triangle measure 9 in,, find the base of the second 
triangle. 

S. A plan of a field is drawn to a scale of i in. to 8 ft. : if the field 
contain 640 sq. yds., how many square inches will the plan occupy? 






On Stfnilar Figures: their Areas. 149 

4 . A plan of a field is drawn to the scale of i in. to 9 ft. 2 in. : if the field 
contain 672^ sq. yds., how many square inches will the plan occupy? 

5 . In the construction of a plan, a square foot of surface represents an area 
of ij ac. : determine the scale. 

6 . If in a plan every square inch of surface represent an area of 90 ac., find 
the scale to which it has been drawn. 

7 . The sides of a triangle are in the proportion of the numbers 13, 14, 15 ; 
its area is 336 sq. ft. ; find the three sides. 

8. The sides of a triangle are in the proportion of the numbers 3, 4, 5 ; its 
area is 96 sq. ft.: find the three sides. 

9 . The sides of a rectangle are in the proportion of the numbers 8 and 9, 
and the area is 32 sq. ft. : find the sides. 

10 . The sides of a rectangle are in the proportion of the numbers 12 and 13, 
and the area is 4 sq. ft. 48 sq. in. : find the sides. 

11 . A triangle is divided into two equal parts by a straight line parallel to 
the base : if the base measure 18 ft., find the length of the straight line. 

12 . A triangle is divided into three equal parts by two straight lines parallel 
to the base : find the lengths of these two straight lines if the base measure 
80 in. 

13 . A circle of 100 in. radius is divided into two parts by a concentric 
circle : find the radius of this concentric circle so that the two parts may be of 
equal area. 

14 . A circle of 5 ft, radius is divided into three parts by two concentric- 
circles : find the radii of these circles so that the three parts may be of equal 
area. 


Examination Questions—XVTI. 

A. Allahabad University: Afatriculation. 

1 . A circle of 120 ft. radius is divided into three parts by two concentric 
circles: find the radii of these circles so that the three parts may be of equal 
area. 

B. Punjab University : Matriculation. 

2 . The ratio of the similar sides of two similar triangles is 13 : 17 : find the 
ratio of their areas. 

C. Calcutta University: Matriculatio?:. 

3 . What will be the size of the map of a district which contains 676 sq. mi., 
on SL scale of 4 mi. to the inch ? 

D. European Schools : Final. United Provinces. 

4. The sides of a triangle are 20, 13, and 21 ft. ; a straight line is drawn 
from the middle point of the side of 20 ft. across the triangle parallel to the 
longest side : find the area of the two parts into which the triangle is divided. 

8. Of two concentric circles the area of the smaller is half that of the 
lar^ter : find the radius of the larger circle, that of the smaller being 4 ft. 

E. Madras Technical: Intermediate. 

6. Eind the scale to which a plan is drawn, i sq. in. representing 10 ac. 

7 . What is the scale to which a plan is drawn if i sq. in. represents 1 ac. ? 

F. Madras Technical: Elementary. 

8. The sides of a triangle are 39, 52* and ^5 ft* respectively : find the sides 
of a sir^ilar triangle of nine times its area. 
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9 . One side of a field measuring 28 ac. and 9 cents is 17 ch. : what is the 
area of a similar field whose corresponding side measures 27 ch. ? 

G. Roorkee Engineer: Entrance. 

10 . If from a right-angled triangle whose base is 12 and perpendicular 
height 16 ft., a line be drawn jjarallel to the perpendicular, cutting off a triangle 
whose area is 24 sq. ft., what are the sides of this triangle ? 

11 . The radius of a circle is 20 in. ; it is required to draw three concentric 
circles in such a manner that the whole area may be divided into four equal 
parts : find the radii. 

12 . Out of a circular disc of metal 35 equal holes are punched ; the weight 
of metal thus punched out is to the weight of the perforated disc as 45 :67 : 
compare the diameters pf the disc and of the holes, given that the area of a 
circle varies as the square of the diameter. 

H. Roorkee Upper Subordinate: Entrance. 

13 . The radius of a circle is 18 in. : find the radius of another circle of one- 
fifth the area. 

14 . The area of a rectangular plot, whose length is equal to twice its 
breadth, is 3528 yds.: if a gravel path 4 ft. wide goes along one of the diagonals 
of the plot, find the area of the path. 

16 . Find the height of a triangle which shall be similar to, and contain 
five times as much as, another 50 ft. in altitude. 

16 . Find the dimensions in feet of a trapezoid which shall contain 100 
sq. yds., similar to one whose parallel sides are 8 and 10, and perpendicular 
distance between them 4. 

17 . On a map drawn to the scale of jjjjjgjj, the sides of a rectangular field 
are 0*65 and 072 in. : find the area of the field in acres, and the length of the 
diagonal in yards. 

18 . One side of a triangle is 20 ft. : divide the triangle into five equal 
l^arts by straight lines parallel to one of the other sides, and find the distances, 
from the vertex of the points of division of the given side. 

Id. A ciicle wiiose area is 314*16 s>q* in, is to be divided into four equal 
portions by concentric circles: find their diameters. (ir = 3*1416.) 

20 . The sides of a triangle are 532, 427, and 389 ft. : find the length of a 
line, parallel to the longest side, that will divide the triangle into two equal 
parts. 

21 . A drawing is copied to a scale one-half as large again as the original 
scale : in what ratio is its surface augmented ? 

I. Roorkee Enginee}‘: Final. 

22 . The sides of a triangular field are 3501, 3604, 3605 ft. respectively: 
find the length of a line drawn parallel to the longest side which will divide the 
field into two equal parts. 

J. Roorkee Upper Subordinate: Monthly. 

23 . A circular hole is to be cut in a circular plate so that the weight may 
be reduced one-third : find the diameter of the hole. 

24 . A board is 12 in. wide at one end, and 9 in. at the other end, and 
its length is S ft. : how far from the broad end must it be sawn across so as to 
divide the plank into two equal portions? 

26 . Find the dimensions of a triangle similar to one whose dimensions are 
50, 60, and 80 ft., but which shall contain three times the quantity. 
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HINTS ON SOLVING PROBLEMS—COLLECTION OP 
FORMULA!. 

HINTS ON SOLVING PROBLEMS. 

106 . I. Draw a figure, whenever possible, to illustrate the question, 
and let the figure show the 
various measurements that 
may be given. 

Exafiiple .—The area of a 
trapezoid is lo sq. in., and 
its parallel sides measure 
3*5 in. and 5*6 in. respectively: 
find the perpendicular dis¬ 
tance between the parallel sides. 

II. Do not draw your figure in 
three dimensions w^hen a section in 
two dimensions will serve the purpose 
equally well. 

Example ,—A perfectly flexible 
rope of 3 in. in diameter is coiled 
closely upon the deck of a ship, and 
there are three complete coils ; find 
the length of the rope. 

III. Decide upon the unit in 
terms of which you want your answer to appear, and adopt it 
throughout. If both areas and lengths are involved, let your unit 
of area correspond to your unit of length. 

Example ,—How many chains are there in the height of a 
triangle whose area measures 2 J ac., and whose base measures i fur. ? 

Height of triangle = ch. § 20. 

where .<4 = 2^ X 10 = 25 
and ^ = 10 

height of triangle = ch. 

~ 5 » 
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Notice that the answer is to appear in chains. For this reason 
we reduce the 2\ ac. to square chains by multiplying by ib, and 
the furlong to linear chains by multiplying by 10. 

IV. Use contracted multiplication of decimals and contracted 
division of decimals when only an approximate result is required. 

Example .—Find the product of 2*49832684 by 12*345976 
torrect to four decimal places. 

12*3459 

24*9832 6 
4*9966 5 
7494 9 
999 3 
124 9 
22 4 
1 ‘ 6 


30*8442 ' 

Notice that, in this method, we multiply by the several digits 
of the multiplier in order from left to right instead of from right 
to left, as is usually the case. Figures in the multiplicand are 
crossed out as soon as they become superfluous by giving products 
which do not affect the accuracy of the required answer. 

Example .—Divide 93*62135079 by 7*5083624, the result to be 
correct to two decimal places. 

93^21 1246 
'75083 

1S538 

15016 

3522 

3003 

519 

450 

Required result is 12*46 

We see, by inspection, that there will be two integral figures in 
the quotient. 
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Hence the result must contain four significant figures, since it 
is to be correct to two decimal places. 

To allow for this we need only retain the first five figures of 
the divisor and the same number of the dividend. 

The decimal points are now omitted. 

Figures in the divisor are crossed out as soon as they become 
superfluous. 

V. Avoid intermediate arithmetical calculations, so that your 
answer may, whenever possible, depend upon the simplification of 
a complex fraction. 

Example ,—Find the cost of paving a rectangular enclosure 
450 ft. long and 390 ft. broad, with stones 3 ft. 9 in. by 3 ft. 3 in., 
at Rs. 5 8 annas a hundred. 


Area of en-) 
closure j 
area of each | 
stone I 
number of I 
stones reqd. | 

cost 


450 X 390 sq. ft. 


3 ^ X sq. ft. 

450 X 3 90 

3 I X 3i' 

Rsi5° ^^9° X si 

■ 3 l X 3i X 100 ^ 

3 3 ^ 

j^j,4^v'siX^^XijrXHX4 
■ ■ X X X X 
Rs.792 


VI. It is often advisable not to substitute their values for such 
terms as tt, ^2, V3> • • • until the end is reached, particularly if 
there is a chance of their cancelling. 

Example ,—Compare the areas of an equilateral triangle and 
a regular hexagon, the length of side in each being equal. 

Let a side of each measure a inches. 

Then— 


Area of equilatesal triangle 
and area of hexagon 
.*. area of triangle : area of hexagon 


(I'sf 7, 

-^ sq. in. 

4 


4 ' 2 


VII. The square root of the product of several numbers may 
often be found by inspection, by resolving the numbers into 
duplicate factors. 
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Example .—If a = 143, b = 220, ^ = 231, find the value of 
A,ts{s — a){s — b){s — c)^ where s = 


— a){s ~ /;)(^ - r) = \^297 154 X 77 X 

= Vii X 27 X 2 X 77 X 77 X 6 X II 
= X X 2“' X 9" 


= II X 77 X 2 X 9 
= 35246 

VIII. Remember that— 

and >///^ — = V^(// — /)(// + /) 

Example ,—Find the base of a right-angled 
triangle whose hypotenuse and perpendicular measure 
1157 yds. and 1155 yds. respectively. 

Base = \f yds. 

= 'J 'Qi - p){h +/) yds. 

where h = 1157 
and/ = 1155 

base = \/ (ii 5 7 ~ ^ yds. 

= V2 X 2312 yds. 

= V2" X 34" yds. 

= 2 X 34 yds. 

= 68 yds. 

IX. Discard an answer which is not borne out 
by the geometry of the figure, or which, for other reasons, is 
obviously absurd. 

For example, it may be required to find the length of the 
chord of an arc of a circle when the height of the arc and the 
diameter of the circle are given. An answer which makes the chord 
greater than the diameter of the circle is evidently wrong. 

Or, again, it is often easy to make a rough guess at the answer 
if the figure be fairly accurately drawn to scale. This is particu¬ 
larly easy when the required answer is a length. A result that 
appears wide of the mark may safely be discarded. 
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COLLECTION OF FORMULiB. 


107. I. Rectangles. 

(i.) A = ab 
(ii.) ^ f -\r P 

where^ = area; ^ = length; breadth; 
d = diagonal. r--- 


At. 0 


2 . Squares. 



(i.) A = d^ 

(ii.) d ^ a f 2 

where A^dltqb. ; ^ = side ; diagonal. 



^ 5 . Equilateral triangles. 

^ ' 2 

(ii.) d^ 

4 

where h = height; a = side ; A = area. 
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6 . Isosceles triangles. 


/ A \ 


c—. 


£_/ 




/ 



\ 

V»'\\ 


A = 4(r ~ A 

4 

where A = area ; a = side ; c = base. 

7 . Parallelograms. 

(i.) ^ M 

where A = area; ^=base; // = height. 
_ (ii.) A ^ dp 

where A = area ; d = diagonal; 
j: p =r offset of diagonal. 

(iii.) A = 2j^s(s a){s — S)(s — dj 

j: where A = area ; d = diagonal ; 

a and b are two adjacent sides ; 
^4"^ “I" ^ 
yj / 2 

/ .^ 8 . Rhombus. 

^ A ^\,d,d., 

where A = area; d^ and d.> are the two 
diagonals. 


x/q. Quadrilaterals. 

A = , d . (pi +A) 

where A = area ; d = diagonal; pi and 
/a are the offsets of the diagonal. 



circles. 


Quadrilaterals inscribed in 


A = fj ($ -^ a)(s — ii)(s — €)(s — d) 
where A = area ; a, d are the sides ; 

2 
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-- h _ 


11. Trapezoids. 

A ^ + h)h 

where A — area; a and h are the 
parallel sides ; h = the perpendicu¬ 
lar distance between the parallel 
sides. 

12 . Regular polygons. 


(i.) A = - X or 

/... V . „ n ^ 180'^ 

(ill.) A = X cot 

4 // 

^ . 180^ 

(iv.) A = r X n tan 

// 

/ \ A o . 360"^ 

(v.) A = X - sm 

2 H 

where A = area ; // = number of sides; a = 
inscribed circle; P = radius of circumscribed 
circle. 


a 



13 . Regular hexagons. 

A = 

2 

where A = area; a = side. 



14 . Regular octagons. 

A = 2 a^{i + f 2) 
where A = area; a = side. 


A 

- -O'-- 


15 . Regular dodecagons. 

A = f T +• V 3 
where A = area; a = side. 



XU’ ‘ 
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Elementary Mouuration. 


16 . Similar figures. 

(i.) a: g 

where a and b are lengths in one figure, corresponding to p and q 
respectively in the other. 



(ii.) A,-. {a,f : 

where Ai and A2 are the areas of the two figures; and are 
corresponding lengths, one in each figure. 



^/t 7 . Circles. 

(i.) C = Trd 
(ii.) A = 

where C = circumference; 
A = area ; r = radius. 




diameter; 



18 . Ellipses. 

A = Trab 

where A = area ; 

a = semi-major axis; 
b = semi-minor axis. 




Chords of circles. 


(i.) a = h{d — h) 
(ii.) b dh 


where a =? semi-chord of the arc ; ^ = chord 
of the semi-arc; h = height of the arc; 
d = diameter of the circle. 
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20 . Arcs of circles. 


(i,) / = X 2 Ttr 

360 

... V — 2a 

(ii.) /=— 



where I = length of the arc; a° = central angle of the arc ; 
r = radius of the circle ; a = semi-chord of the arc; b = chord of 
the semi-arc. 


21 . Sectors of circles. 

(i.) A = —X ttk 
(ii.) A ^ X Ir 

where A = area; a = angle of the sector; 
I = length of the arc of the sector ; r = radius 
of the circle. 



22 . Segments of circles. 

(i.) Segment = sector — triangle 

(ii.) A = ±/,v(FT'p-') 

where A = area; h = height of the 
segment; c = chord of the segment. 



23 . Circles inscribed in 
triangles. 



.S' 


where r = radius of the inscribed 
circle; A = area of the triangle; 
s = semi-perimeter of the triangle. 



24 . Circles inscribed in equi¬ 
lateral triangles. 

a 


where r = radius of the inscribed 
circle; a = side of the triangle. 
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Elementary Mensuration. 



25. Circles circumscribed about 
triangles. 

abc 

^ - is 

where R = radius of .the circumscribing 
circle ; A = area of the triangle; a, h, c 
are the three sides of the triangle. 



26. Circles circumscribed about equi¬ 
lateral triangles. 



where R = radius of the circumscribing circle; 
^ = side of triangle. 


27. Simpson^s Rule. 

A = -{/j A- + 2(A + A) + • • • +A«-i) 

+ 4( A + A + • • • + A«)} 

where ^ = area; d = common distance ; in = number of equal 



parts into which the base-line is divided; A> A • * Pin are the 

ordinates taken in order. 









ANSWERS 


Ezamplefl—I. A. 


1. 746 Jy(ls. . 2. i5i93Ut- 

6. 560 sq. po. 6. 234135 sq. yds. 

8 . 18 mi. 5 fur. 23 po. 4 yds. 2^ ft. 

10. 20 ac. 2 ro. 6 po. 5^ sq. yds. 8 sq. ft. 
13 . 16 yds. 14 . 605 sq. yds. 


3 . 30682J ft. 4 . 480 ch. 

7 . 900,000 sq. Iks. 

9 . 7*38629 ac. 

11. 140. 12. 2117^. 


112 girahs. 
6800 biswansi. 
94 biswas. 


EzampleB~I. B. 

16 . 10 lathas. 17 . 1750 baths. 
20. 13 biglias 6 biswas i biswansi. 

Examples—II. A. 


. 143 sq. ft. 2, 

. 4 sq. ft. 51 sq, in. 6. 

. 3 sq. yds. 3 sq. ft. 90 sq. iri, 

. 18 sq. yds. 5 sq. ft. 82 sq. in 

. 13*67174 ac. 13 . 

. 6 ac. I ro. 4*0128 sq, po. 15 . 

. 121 yds. 18 . 

, 9 yds. 2 in. 21. 

, 6 ch. 35 Iks. 24 , 

58 sq. yds. 7 sq. ft, 27 . 
22*5 ac. 80 . 

, 14*25636 ac. 83 . 

23*4 ch. 38 . 

Rs.59. 39 . 

341J sq. ch. 

Rs.380. 45 . 

256 sq. yds. 48 . 

Rs. 196 5 annas 4 pies. 


513 ^* 9 -ft* 5 . 

, 9 sq. ft. 54 sq. in. 6. 

8 . 

1. 10. 46*8 ac. 11. 

, 2 ac. o ro. 23*2 sq. po. 

. 6 ac. 2 ro. 21*76 sq. po. 16 . 

, 121 yds. 19 . 

. 15 ch. 22. 

, 5 fnr. 13 po. 25 . 

. 160 sq. yds. 4 sq. ft. 28 . 

. 17*66241 ac. 31 . 

. 18 ft. 34 . 

. 6 ch. 52 Iks. 37. 

, 102 sq. yds. 6 sq. ft. 40 . 

, I sq.yd. o sq.ft. 52 sq.in. 43 . 

4 yds. I ft. 8 ill. 46 , 

4i{ yds. 49 . 


18 . 5600 girahs. 
21. 6qo biswansi. 


1679 sq. ft. 

16 sq. ft. 8 .sq. in. 

12 .sq. yds. 2 sq. ft. 
10*944 

2 yds. 9 in. 

15 ch. 

88 yds. 

87 .sq. yds. i sq. ft. 
266sq.yds. 7sq.ft. 
4*67856 ac. 

3 '5 ch. 

RS.1764. 

84 yds. 

13 ch. 

10 cli. ; 40 ch. 

Rs.424§. 


51 . 35 bighas. 
54 , 6 rasi. 


Examples—II. B. 

52 . 9*12 bighas. 

65 . 2 rasi 15 lathas. 

Examination (^ueationti—II. 


53 . 2 bighas. 
56- i59f¥By<^s. 


1 . 540 sq.ft. 2 . 23,880 trees. 3 . ;£“37 i6j. 44^. 4 . 168 students. 

5 . £io los. 6. 17824 sq. ft. 7 . 6 ft. 3 . /16 3^. 6^ 

9 , 70*5 po. 10 . 10 yds. 2 ft. 5‘<57 ^4 7^^.; 36 yds, 

12. Lengfli, 31 ft. j breadth, 21 ft. ; height, 13 ft. 18 . Rs.43 13 annas 6 pte. 
14 . 3 84 ac. ; 2 -i6 ac. 16 . 8 653 ft. nearly. 16 . 3 84 ac. 17 . 9 ft. 



Elementary Mensuration. 


162 


18 . 9| in. 19 . 12 ft. 20 . 13J ft. 21 . 13. 

22 . 3*3. 23 . 486 planks. 24 . 13I min. 25 . ;^33. 

26 . 280 sq. ft 27 . 820 in. 28 . 18 ft. 

29 . 26J yds. ; Rs.9 12 annas 8 pies. 30 . 6 49 . . . yds. 

31 . i80jJ yds. 32 . 405 sq, ft. 33 . 6400 trees 34 . 8*866 ft. 

35 . 946,^ ft. 36 . 33. 37 . ^,^49,227 5.f. 5^^^. 38 . 18*5017 ft. 

39 . 32 yds. 40 . 98 yds. 2 ft. 41 . 81. 

Examples—III. 

1 . 3 7'. 2 . 13 ft. 8' 6". 3 . 9 ft. 6' 9". 4 . 10 ft. 7' 4". 

5 . 8 ft. 9' 6'". 6. 6 sq. ft. 2'. 7 . 10 sq. ft. 4' 4". 8. 8 sq. ft. 8' 7^ 

9 . 13 cub. ft. 2' 3" 2'". 10 . 12 cub. ft. 5' o" ii'". 11 . 16 cub. ft. 6' 8" 3'". 

12 . 18 cub. ft. 9'5" 6'" 6'^ 13 . 7 sq. ft. 2\ 14 . 14 sq. ft. 

15 . 41 sq. ft. 4'. 16 . 31 sq. ft. 3' 8". 17 . 48 sq. ft. lo' 8". 

18 . o sq. ft. 3' 10" 6'". 19 . o sq. ft. 5' 4" 3'" 4'’'. 20 . 37 sq. ft. 8' 4" 8'". 

21. 78 sq. ft. 6' ii" 6'" S'*'. 22. 45 sq. ft. o' 2" 6'" S'*'. 

Examples—IV. A. 

1 . 78 in. 2 . 125 yds. 3 . 176 yds. 2 ft. 4 . 10 5^ds. 10 in. 

5 . I mi. 5 fur. 37 po. 6. ii ch. 90 Iks. 7 . 27 ch. 50 Iks. 8. 3973 cli. 

9 . 88 022 Iks. 10 . 3*3 in. 11 . 7 in. 12 . 3 mi. 

13 . 6 ch. 72 Iks. 14 . 8 mi. 2 fur. 15 . 210 yds. ; 168 yds. 

16 . 12*72 . . . in. 17 . 9 ft. 18 . 85 in. 19 . 4 ft. 3 in. 

20 . 18*38 . . . in. 21 . 2 ft. 6 in. 22 . 7 ft. 4 in. 23 . 4*47 ch. 

24 . Ks. 724 4 annas. 25 . 995 yds. 2 ft. 26 . 49*4 ft. nearly. 27 . 243 mi.nearly. 

28 . 44 ft. 4 in. 29 . 62*6 ft. nearly. 30 . 14*4 ch. ; 10 8 ch. 

Examples—IV. B. 

32 . 85 lathas. 33 . 157 g^irahs. 34 . 229 haths. 

36 . 433 rasi. 37 . 9 lathas. 38 . 28 rasi. 

40 . 105 haths. 41 , 84 guz. 42 , 120 rasi. 

Examination Questions—IV. 

2 , 11 *618 . . ft. 3 . 80 ft. 

5 , I. 7 . 44 ft. 

9 . 120 ft. 10 . 4*2426 . . . yds. 

13 . 40*588 ... ft. 14 . 12*6194 ... ft. 

16 . 99*701 . . . po. 17 . 16/^2 in. 

19 . 12ft. 20. 12,637 ft.; 12,012 ft. 

22 . 5000 sq. yds. 23 . 562,500 sq. ft. 

25 . Rs.549 13 annas 6*2 . . . pies. 

Examples—V. A. 

1 . 184 sq. ft. 2 . 7 sq. yds. 8J sq. ft. 3 . 8 sq. yds. 7 sq. ft. qij sq. in. 

6*39375 ac. 5 . 9 ft. 6. ii yds. 2 ft. 8 in. 

7 . 81 ch. 925^ Iks. 8. 48*7179 ch. 9 . 12 sq. ft. 6 sq. in. 

10. 4*6i sq. yds. nearly. 11. 1*07226 ac. 12. 4 sq. yds. 2 sq. ft. 138 sq. in, 

18 . 125*14 . . . sq. ft. 14 . 6 sq. yds. 5 sq. ft. 112 sq. in. nearly. 

15 . 17*736 . . . sq. ch. 16 . 90 sq.ft. 17 . 2310 sq. Iks. 

18 . 21,294 sq. in. 19 . 86,700 sq. ft. 20 . 747*054 ^*1- 

21 . 12*24 sq. ch. 22 . 50 in. 23 . 12 ch. 32 Iks. 

24 . i2i 6*3 ... sq. Iks. 26 . Rs. 3*69 nearly a month. 20 . 7 ft, S ut* 

27 . 22,638 trees. 28 . 1676*74 sq. ft. 29 . 6*928 . . - yds. 

30 . 77*2 . . yds. 81 . l8 ; 


1 . 15 ft. ; 36 ft. 

4 . 46‘861 . . . mi. 

8 . 1*41421 mi. ; 640 ac. 
11. 16 ft. 

15 , 2 sq. ft. 

18 . 637 ft. ; 245 ft. 

21. 8 ft. 

24 . 20^2 ft. 


81 . 25 rasi. 
36 . 365 guz. 
39 . 60 girahs. 
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Examples—^V. B. 

32 . 974 bighas. 33 . 12 bighas 13*8 biswas. 34 . 13 biglias 6 biswas 16 biswansi. 
35 . 64 lathas. 36 . 8 lathas. 87 . 98^^ lathas. 

38 . 3*897 bighas. 39 . 16 biswas 16 biswansi. 


Examination Questions—V. 


1 . 15 ft. 2 . 

3 . 60 ft, 4 , 22*7 . 

7 . 12 ft 
10 . 2772 sq. ft. 

13 . 30 ; 6.4. 

16 . ;^I2 iSx. 

19 . 28 9 ... ft. 

22 . 10 ac. I ro. 33 per. nearly. 
24 . 3 ac. 2 ro. 9*088 po. 

27 . 45 ft. ; 630 sq. ft. ; 540 sq 
. . yds. ; 25 84 . . . 
, . sq. Iks. 

. . yds. 

■ ■ ft-; 5 « 9'6 
, yds. 


{a) Area = the amount of surface in any figure ; {^) 28 ft. 


. in. 5 . 14*4 . 

8 . 84 sq. ft. 

11. 21*217 . ♦ ‘ ^q 
14 . 14 ch. 15*3 . . 
17 . 3570 sq. yds. 

20. 39*6862 . . . sq 


29 . 22*4. 

31 . 56*3 . 

83 . 6*928 
35 . 34*64 
38 . 1192V sq. 

40 . 15 ac. o ro. 37"91 po. 
43 , 3468 sq. ft. 

46 . 9841*251 sq. ft. 

49. £2 IS-r. 

61 . 57*19 ft. 

54. 93.944755 sq. yds. 
67 . 128*9 ... ft. 

60 . 240 yds. 


ft. 6. 216*50 ... ft. 

9 . 486 sq. in. 
ft. 12. 169*705. 

, Iks. 15 . 24 ft. 

18 . 43*301 . . . sq. ft. 
ft. 21. 317 ft. nearly. 

; 2722J sq. yds. 

25 . 72*74 ... ft. 26 . 58-8 . . . po. 

ft. 28 . 277*47 • • • or 1200*24 . . . yds. 

. . yds. ; 24 yds. 30 . 0*537 . . . ac. 

32 . I ac. I ro. 24 }:Jf po. 

34 . 620,964 yds. nearly, 
sq. ft. 36 . 4*2 . . . yds. 37 . £4.. 

39 . 2400 ; 2600 ; 1800 ; 3200 sq. ft. 

41 . I ro. 26 *6 po. 42 . 709 ft. nearly. 
44 . 1218 igs. 46 . 67 ft. nearly. 


62 . 

66 . 

68 . 

61 . 


47 . 125*9 
^6. 305*8 . 
192*837 sq. Iks. 

21 ac. I ro. 12*7 po 

I2o'sq. ft. 


. Iks. 48 . ;^'io 4J*. 9t/. 

. sq. ft. ; 369*6 . . . sq. ft. 
63 . Rs.407 5 annas. 

66. 233 sq. yds. 3 sq. ft. 

69 . 202 ft. nearly. 

62 . 14*941 in. 63 . 1*5 ft. 


1. 312 sq. ft. 

4 . 8 ft. 

7 . 12 sq. ft. 108 sq. in. 

10. 106*82 ... in. 

13 . 66 ch. 


Examples—VI. A. 

2. 52 sq. yds. 8 sq. ft. 
6. I yd, 2 ft. 

8 . 11 *58144 ac. 

11 . Rs.89 2 annas. 


3 . 196*6512 sq. ch. 

6. 2*631 ch. 

9 . 2 yds. 

12. 3511 sq.in. nearly. 


Examples—VI. B. 

14 . 320 bighas. 16 . 16 bighas 9 biswas 12 biswansi. 

16 . 56 bighas 8 biswas 16 biswansi. 17 . 123V lathas. 

18 . I bigha 4 biswas, 19 . 4J biswas. 


Examination Questions—VI. 

1 . 5 ft. ; 4I ft. 2 . 3456 ; 60. 3 . 2 ac. 47*^5 cents. 

4 . ^000 sq. ft. 6. 8 ft- 6. 256 sq. in. ; 8^5 

7 . 729*15 ft. ; 329*15 ft. 8. 1200 sq. yds. ; 144*2 . . . yds ; 33*28 yds. 

9 . 10,296 sq, ft. ; 125 ft. ; 82*368 ft. ' 10 . 6971 ... ft. ; 627*39 . . . sq. ft. 

11. 346*427712 ; 20*0016. 12. 1054 ft. ; 625 ft. ; 566*63 ft. 

13 . 1350 sq. ft. ; 37i ft. ; 36 ft. 14 . 384 sq. ft. 


1 . 21,300 sq. ft. 

93*9107 sq. ch. 
7 . 4*3602 sq. ch. 

10. 25*1 ch. 


Examples—VII. A. 

2 , 102 sq. ft. 3 . 44*6424 sq. ch. 

6. 1120 sq.ft. 6. 24 sq. ft. 

8. 9*888 sq. ch. 9 . 42J yds. 

11 . Rs.232 14 annas. 12 . Rs.748 2 annas. 
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13 . Rs.1150 5 annas 10*656 pies. 14 . Rs.398 15 annas 0*48 pies. 

16 . Rs.25. 16 . 80 yds. 17 . 19 sq. yds. 99 sq. in. 

18 . 17 ft. ; 9 ft. 19 . 28^ sq. Iks. 

Examples —VII. B. 

20. 324 bighas. 21. 12 bighas 8 biswas 4 biswansi. 22. 1080 bighas. 

23 . 18 bighas i biswa 12 biswansi. 24 . 25 rasi. 26 . 2i? rasi. 

Examination Questions —VII. 

1 . 176459. ft. 2 . 7 ch. 70 Iks. 4 . 12,054 sq. ft. 5 . 11459. ft. 

6. 7859. ft. 7 . 7500 sq. ft. 8. 204 scp yds. 9 . 125,000 sq. ft. 

10. 77 yds, 11. 2 ac. 2 ro. 8 po. nearly. 12. 210 sq. yd.s. 

13 . 31*12125 ac. 14 . 17-632 . . . ac. 16 . 48*989 nearly ; 844-94 nearly. 

16 . 10,833 sq. yds. nearly. 17 . 23 ft.; 27 ft. 18 . 216. 19 . 128.! sq. yds. 

ao. 3? ft., ft. ; or ^ ft., ft. 21. 1634*99 . . . sq. ft. 22. 20 ac. 

23 . 36*9334 ac. 24 . 45*033 . . . sq. ft. 26 . 262 6 sq. ft. 

26 . 560 sq. ft. 27 . 1229*8 . . . sq. ft. 28 . 52330-3 ... 29 . 9. 

30 . ioi|} yds. 81 . 4549*9259. ft. 82 . i ft.; 2 ft. 33 . 72059. yds. 

34 . 885I sq. ft. 35 . 13^ ft. 36 . 143 yds. 

Examples—^VIII. A. 

1 . 53 sq. ch. 25 sq. Iks. 2 . 166*27 . . . sq. in. 3 . 2*7442 . . . ac. 

4 . 584*56 . . . sq. ft. 5 . 509 22 . . . sq. in, 6. 618*18 sq. Iks. 

7 . 61 *934459. yds. 8. Rs.274 Ioannas II pies nearly. 9 . 2519*1 ...sq. yds. 

Examples—VIII. B. 

10. 12*9903 . . . biswas. 11. 19*31 . . . bighas. 12. 0 62 . . . rasi. 

Examination Questions—VIII. 

1 . 23,636 sq. ft. nearly. 2 . 259*807 sq. ft. 3 . 12 ac. ii po. nearly. 

4 . 82*8 . . . sq. ft. 5 . 293*89 sq. in. 6. 4 : 3v^3 : 6. 

7 . 3*25 yds. nearly. 8, 36*3 ft. ; 2270*4 sq. ft. 9 . ^2 ft. 

1 ®- 7358*6475 sq. ft. 12 . 085 ft. nearly. 13 . n , ^ . cot - ; 14*5356 sq. ft. 

14 . 2^2 sq. ft. 16 , 165*68 ... 16 . sq. ft. 

17 . 15*8 .. . yds. ; 9*45 . . . yds, 18 . 649,500 sq. ft. 19 . 2338*26 . . , sq. ft. 

*931'3 • • • sq. ft. 21. 3 sq. ft. 22. 7 0295 ... ft. : 119*29 . . . sq. ft. 

23 . 15*00 ... ft. 24 . 5625 sq. ft. ; 6495 sq. ft. 

Examples—IX. A. 

1. 198 ac. 2. 66 sq. ft. 117 sq. in. 8. 146*4375 sq. in. 

4 . 11 sq. yds. 72 sq. in. 5 . 11 *904 ac. 

Examples—IX. B. 

6. 20*16 bighas. 7 . ii bighas 14*4 biswas. 

8. 36*47 bighas. 

Examination Questions—IX. 

1. 2*1875 ; 500 Iks. 2. 4058*31 sq. yds. 

4 . 192 sq. ft. 6. 546 sq. ft. ; 13 ft. 

7 . 950 sq. yds. 8. 7230 sq. yds. nearly. 


3 . 1602 sq. ft. 

6. 27,813^. ft. nearly. 
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1 . 6*666 sq. ch. 

4 . 13,403 sq. yds. 
7 . 0 978 ac. 

10. 0*662 ac. 


Exaxninatioxi QuestionB— X. 

2 . o ac. I ro. 18*16 po. 

6. 1*7967 ac. 

8 . 0*231 ac. 

11. 1*45 ac. 


3 . 2 ac. I ro. 28 po. 
6. 2*05 ac. 

9 . 132,102 sq. Iks. 

12. 3*35075 ac. 


1. loA in. 
5 . 9^? ft. 
9 . 3jmi. 


Examples—XI. A. 

2 . 5 ft. 3 . 2 ft. in. 

6. 733I yds. 7 . 266*9 mi. 

10. 180 ft. 11. q Iks. 


4 . iij^ft. 

8 . 3*245 in. nearly. 
12. 230 ft. 


13 . 21*315 lathas nearly. 
15 . 36*16 lathas nearly. 


Examples—XI. B. 

14 . 10*59 rasi nearly. 
16 . 7 rasi 3*75 lathas. 


Examination Questions—XI. 

3 . 26*341 ft. 4 . 33i ft. 6. 9 in. 

7 . 74 ft. 8 ill. 8. si ft. 10 . 25 ft. 

12. 8, 6. 18 . lov^io ft. ; iOx''i5 ft. ; 2SO\^6 sq. ft. 

16 . 352}j sq. ft. 

Examples—XII. 

—These results, when they depend upon the value of w, arc only 
approximate. 

1. 5i ft. 2 . 58J yds. 3 . 561 yds. 4 . 73 ch. 92 Iks. 

6. 28 in. 6. 4§ yds. 7 . 21J yds. 8 . 147 ch. 77 Iks. 

9, 5500 yds. 10. Ks,88. 11. 33 in. 12. 9 miles an hour. 

18 . in. 14 . 298,571,4284mi. 16 . 28in. ; 3oin. 10 . 1272? in. 

17 . 27,494J ft. 18 . 616 sq. yds. 19 . 346J sq. in. 20 . 4 sq. ft. 40 sq. in. 
21 . 273 sq. yds. 7 .sq. it. 22 . 20 sq. yds. 106 sq. in. 23 . 55scp ch. 440059. Ik.s. 

24 . 2 JSCI po. Ilijj sq. yds. 26 . 29 sq. ch. 6211459. Iks. 20 . 7 yds. 

27 . 12*12 in. 28 . 22*13 in. 29 . 0*2213 ch. 19*7988 ch. 

81 . 10*6 pies. 82 . Rs.157 3 annas 4 pic'^. 83 . Rs.i7i8j\. 

34 . 10*392 ft. 86. 5o}f ac. 36 . Rs.24 2 annas nearly. 37 . I54sc[. ft. 

38 . 20‘8o2 in. 89 . 246 66 yds. 40 . ft- 'll* 12*409 ft. 

42 . 378 sq. in. 43 . 26*45 44 . ; 3^3- : 2. 


11 . 

14 . 


9 ft. 
ah 

a h 

10 ft. ; 
aW 

\a + 


12 ft. 


Examination Questions—XII. 

fiote .—These results, when they depend upon the value of tt, are only 
approximate. 

16*568 ... ft. 8. 176 sq. ft. 4 . 39*242 yds. 

76*21 yds. ; 38*105 yds.; 30*40 yds. 7 . 4840 yds. 

9 . 79*5772 yds. 10 . 275,700? sq. ft. 11 . 3*980 yds. 

18 . 22*50 ft.^ 14 . 75142 ft’ 1 ^^* 105 yds, 


1 . 

6 . 

8 . 

12 . 

16 . 

19. 

22 . 


132 


;2ft. 2 

83317^.3^/. 6 

10 ft. 

12,727*2759. yds. 
134 sq. ft. 

^ = ^(2± V 2 ). 

7*028 yds. nearly. 
86. ^75 5 * 544 ^- 

29 . 281*57 ft. 

82 . 4*59 in. 


17. 3V3 : 2ir. 

20. 22,008*33 sq. po. 
28 . 5082 in. 

26 . 4 9463 

80 . 5*023 mi. 

88. 5854ft sq. ft. 


18:14 ft. 

21, £19 os, 

24 . 201 sq. ft. nearly. 

88. 3 ^ ft* > 39 ft* 

31 . Rs. 6600, 

84 . 4,320,662! sq. ft. ; 7370 ^ 
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S 5 . 236 sq. yds. 82S sq. in. S6. 71*06 ft. 87 . 21*46 sq. in. 

38 . 407*0117 sq. ft. 89 . A = 3^ sq. ft.; O = i03xV sq. ft. 

40 . 27*74 yds. 41 . 15*093 in. 42 . 314*159 sq. ft. 48 . 0 0098 mi. 

44 . 75*17 ft. 45 . 7 yds. 46 . 11,764? sq. ft. 47 . i *37 sq. ft. nearly. 

48 . i*8i8ft. 49 . 93-98 sq. in. 50 . i'3ft.; 8*i68 ft. 

Examples—XIII. 

2 . 2 ft. 10 in. 3 . II ch. 25 Iks., or I ch. 25 Iks. 

5 . 22 di. 68 Iks. 6. 7 ft. i in. 7 . 15-4 di. 

10 . 9*375 in. 11. 3 ft. 10'5 in. 12. in. 

14 . 4*4 in. 15 . 105°. 16 . 42°. 

18 . i960 Iks. 19 . 21 yds. 20 . i ft. ii in. 

55'55 if*- nearly. 23 . 3 ft. 63 in. 

Examination Questions—XIII. 

1. 13 ft. 2. 12-6061 in., or 71*3938 in. 3 . 33-8 ft. 

4 . io'i6 ft.; 7‘8 io 2 ft. 5 . looft.; 13-397 ft.; 51-76 ft. 6. 50*7 ft. 

7 . 8*74 ft. nearly. 8. 13*55 ft. nearly. 9 . 4223^^^ mi, 

10. 11-09 in* 11- 26*321 ... 12. 29 ft. ; 22 06 ft. nearly. 

13 . 10 ft, ; 50 ft, 14 . 4 ft. 15 . 5'744 . . . ft. 

16 . 15 ft. nearly. 17 . 125-62 ... ft. 18 . 14 685 . . . in. 

19 . 15 ft. 7 in. 20. 10 in. 21. 263 ft. 

22 . 6^2 ft. 23 , 1-5. 24 . 102 ft. 25 . 314-159 sq. ft. 

Examples—XIV. 

1. 134^ sq. in. 2. 4gjj sq. ft. 8. ii sq. yds. 3 sq. ft. 96 sq. in. 

4 . 20-8828 sq. cL 5 , 20xV'^. 6. 35 ° 47 iV- 4-5126 ft 

8. 7-6752 in. 9 . 2iosq. in. 10 . 71.J sq.ft, 11 . 5 ft. 

12 . 6 in. 13 . 6 in. 14 . i ft. 15 . 216'^. 

16. 16*08 . . . sq. in, 17 . 27*46 ft nearly. 18 . 1008J sq. yds. 

19 . 28-57142 sq. in. 20 . 3-8412 sq. ft. 21 . 2-74 . . , sq. ft. 

22 . io-o8 sq, ch. 23 . 2042 92 sq. Iks. 24 . 19*4917 sq. in. 

25 . 143-522 . . , sq. ft. 26 . 11*1872 . . . sq. yds. 27 . 1779 sq. ft. nearly. 

28 . 5 24 sq. ch. nearly. 

Examination Questions—XIV, 

1 . 01612 . . . sq. ft. 2 . J 27 r sq, in. 3 . l 6 l 2'5 sq. ft. 

4 , i60x? 2 sq. ft. 6. 908 nearly ; 30,520 nearly. 6. 4S’o62 . . . yds. 

7 . 70 sq. ft. 8. 400 sq. ft. 9 . 8'3 sq. ft. nearly. 

10. 14*2698 . . . sq. ft. 11. 0-315nearly (a — side of square). 

12 . 83261. , 13 . 2141*2 sq. in. nearly. 14 . i in. 

15 . 22,271 sq. ft. nearly (tt = 3*14159)- 16 . 28*4 nearly. 

17 . 4*77 in. 18 . 1116*114 . . . ; 140*521 . . . ; 173*637 . . . 

19 . 44*3 nearly. 20 . 569 nearly. 21 . 2iS*8sq. in. nearly. 

22 . 14*56 nearly. 23 . 55 sq. ft. nearly. 25 . ~ ^/s). 

26 . 27*5 sq. in. nearly. 27 , 56*09 yds. nearly. 28 . 167*279 sq. ft. nearly, 

29 . 5? sq. in. 30 . 1*75 ft. ; 0*278 sq. ft. nearly. 

31 , 2o 8'6 nearly ; ioo-6 nearly. 32 . 0 06 sq. in. nearly. 

33 . 1850 sq. ft. nearly. 84 . 28 sq. ft. nearly. 35 . 33*5 nearly. 

36 . 119-318 sq. ft 37 . 15*3057 ... in. : 7*6528 . . . sq. in. 

88. 36*3^001 sq. ft 39 . Ii 7 fsq.'ft 


1. 32 ft. 

4 . 3 ft. 6 in. 

‘8. 21 Iks. 

13 . 5 ft. Ill 
17 . 26° I5^ 

21. 9 ch. 44 Iks, 



A nswers. 


i6y 


Examples—XV, 

1 . 6 ft. ; 15 ft. 2 . 8 in. ; 18J in. 3 . 58-9285 sq. in. ; 235-7142 sq. in. 

4 . 5-292 yds, ; 10-584 yds. 

Examination Questions—XV. 

1 . 519-61 sq. ft. 2 . 125*05. 3 . 26 ft. 4 . 9 in. ; 22.] in. 

6. 2003^ ft. 6 i66§ yds. 7 . 9 01 ft. nearly. 8, 1-732 ft. 

9 . 293 ft. 10 . 11 . 6*928 in. 12. 20 in. 

13 . 17,084*8 sq. ft. nearly. 14 . 63*8292 . . . sq. ch. 15 . 32J in. 

16 . 17-3205 ... in. 

Examples—XVI. 

1 . 43 sq. ft. . 2 . 43§ sq. ft. 3 . i88§ sq. ft. 4 . ii sq. ft. 

5 . 182 sq. ft. 6. 7*605 sq. ft. 7 . 20*2 sq. ft. 8. 39*3753 sq. ft. 

9 . 12*44746sq. ft. 10 . o*i3584sq. ft. 11 . 6*238 sq. ft. 12 . 360 sq. ft. 

Examination Questions—XVI. 

1 . 2880 sq. ft. 2 . 3168 sq. ft. 3 . 3102 .sq. ft. 

4 . 0*7817 X If r = 10, error = 0*37. 5 . 2580 sq. ft. 

6. 94,000 sq. ft. 7 . 33,0935 sq. ft. 8. 3900 sq. ft, 

10. 924*6 .sq. ft. 11. 392 sq. ft. 

Examples—XVII. 

1 . 242 sq. yds. 2 . 3 in. 3 . 90 sq. in. 4 . 72 sq. in. 

5 . I in. = 264 in. 6. i in. = J mi. 7 . 26 ft. ; 28 ft. ; 30 ft. 

8. 12 ft. ; 16 ft. ; 20 ft. 9 . 6 ft. ; 5 ft, 4 in. 10 . 2 ft. ; 2 ft. 2 in. 

11 . 12*726 ft, 12 . 46-18 ... in. ; 65*31 ... in. 13 . 70 7105 in. 

14 . 34*641 in. ; 48*988 in. 


Examination Questions—XVII. 

1 . 69*28 ft. ; 97*97 ... ft. 2 . 169: 289 3 . 42-25 sq. in. 

4 . 31J sq. ft. ; 945 sq. ft. 5 . 4V2 ft. 6. i in. = i fur. 

7 . I in. = 69-5701 yds. 8. n 7 ft. ; 156ft. ; 195 ft. 9 . 70 ac. 85*6 cents. 
10. 6 ft. ; 8 ft. ; 10 ft. 11. 10^3in. ; 10^2 in. ; loin. 12. 28 : 3, 

13 . 8*049 . . . in. 14 . iii6‘9sq. ft. nearly. 15 . iirSft. 


16 . 40 ft. ; 50 ft. ; 20 ft. 17 . 7-46 . . . ac. ; 269*4 yds. 

18 . 4^5 ft.; 4 V10 ft-; 4 >vft 5 ft-; 4V2oft. 

19 . loin.; 10 2 in, ; I0^^3in. ; 20 in. 20 . 376 ft. 2*1 . 

„ r. 00 diameter 

21.4:9. 22. 2549-1 ... ft. 23 . 

24 . 44-58876 in. 26 . 504/3 ft.; 604/3 ft- i 804/3 ft. 


Additional Examination Questions. 




II. 



42 . 

6^3 ac. 43 , 120 ft. ; 8o ft. 


44 . 50 mins. 

45 . Rs.35 7 as. 

46 . 

Rs. 2869 as. 5 p. 4. 

V. 



65 . 

99 ; 15. 66. 8J in. 


67 . I ac. 

68. 1120 sq. yds, 



Answers, 


168 


VI. 

15 . 2 ft. i in. ; 2 sq. ft. 48 sq. in. 16 . £i20 2s. *]d. 

17 . 2400 sq. ft. ; 50 ft. ; 48 ft. 

VII. 

87 . 3120 sq. ch. 

88. V {ii — + c + d){c d — a ■{' d){a — — r + d){a — 

39 . 540 sq. in. 40 . 600 sq. yds, 41 . 49,470 sq. yds. 

VIII. 

25 . 311-25 sq. ft. 26 . 4*682 ft. 

IX. 


9.162,463-9375. 

16 . 87J cubits. 

51 . 3 in. ; qir sq. in. 

26 . 19*07 mi. nearly. 
29 . 1003 ft. nearly. 



XI. 


17. 

20 in. 



xn. 


52 . 

660 ft. 

53 . 0*7853. 54 . I : 1*0500. 


XIII. 


27. 

sq. in. 

2 ^ 

28. 20 in. ; 15 in. 


THE END 
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